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Section 1* Summary 



The investigation; reported here under the 
title r Block Format Instruction , was a pilot Study 
which sought to determine methods (and consequent 
problems for further investigation and refinement) 
of partitioning the freshman Undergraduate mathe- 
matics program irttb instructional blocks which maxi- 
mized the efficiency of human and physical resources 
deployed for that purpose. The pilot study lasted 
two academic years: 1968-1969 and 1969-1970. 

During the 1968-1969 academic year different 
instructional blocks were used in a single course: 
Freshman Finite Mathematics. The instructional blocks 
used were Large Lectures, Tutorials (6-10 students), 
Programmed Materials, Help Sessions, Computer Labora- 
tory. 



During the 1969-1970 academic year different 
instructional blocks were used in three courses: 
Freshman. Finite Mathematics, Freshman Mathematics for 
Elementary Teachers, and Freshman Mathematics for 
General Education. The instructional blocks used 
were Large Lectures, Tutorials (6-10 students), 
Programmed Materials, Help Sessions, Computer Labora- 
tory. 



Evaluation of results was of two kinds. 

Firstly, the staff cost of instruction per student 
was considered. This analysis showed a decrease in 
the instructional cost per student as well as a de- 
crease in fringe staff load. The latter resulted 
primarily from an almost total drop-off of indivi- 
dual students seeking help from staff outside of 
class scheduled times. Secondly, the evaluation of 
the effectiveness of the instructional methods was 
done subjectively. That is to say, that such evaluation 
was based on judgments of students, mathematics staff 
involved in teaching, and judgments of other professional 
persons including consultants. The consensus indicated 
that varying instructional formats was beneficial to 
the learning process. Particularly noteworthy elements 
are variety of instructional format enhances the 
learning process, Individual differences and needs 
were able to be considered more easily and effec- 
tively, a greater variety of material was able to be 
covered, and ad hoc changes in the course could be 
made more easily increasing course flexibility. 



Significant problems remain to be studied: 
the matching of content material and instructional 
format, the mechanical organization of selection for 
tutorial section, the more selective use of media to 
make more effective the lectures, the role of com- 
puter Instruction in Freshman mathematics programs, 
the utilization of statff^ with varying competencies. 

The instructional pattern will be continued 
at Stephens College and in addition will be intro- 
duced* experimentally, at Northwest Missouri State 
College for the 1970-1971 academic year. 



Section 2. Introduction 



The centred concern of ; the original, proposal 
for. an experiment in Block format Instruction was to 
initiate, as a pilot study,, i institutional instructional 
changes leading to a more efficient deployment of 
human and physical resources in the learning process. 

A non-trivial side effect was also to be. a more effi- 
cient use of time committed to specific learning tasks 
by students. ,• i . 

The constraints -imposed on the pilot study 
were such as t,o insure a search for means of varying 
the learning patterns by using -different .instructional 
formats whicb did not require the permanent commitment 
of significant amounts of additional human or physical 
resources by the college. 'That. is to. say; that in- 
; struotion can. piearly be improved and individualised 
ifan exceptionally competent staff member-, is assigned 
to eaoh student: with. learning .to proceed on a one-to- 
one basis. The effort here was to develop an.' in- 
structional methodology idierahyrrapart . from the. initial 
developmental phase^-signif leant . rpductipn in. instruc- 
tional chats could,be obtained. .while at.: the same .time 
improving the learning- situation., .. . . \ ‘ - 

• ; •; . , ... ■ . , ' .• ■ t • 

The problem 1$; of course, a. central one in 
all. phaeeB of higher education. Increasing : enroll- 
ments accompanied by an increased reluctance of the 
public to. maintain isyeh.' the:. Same (par chasing power) 
cost outlays per student demand attention to the dual 
problem , of increasing learning efficiency while de- 
creasing. learning; costs, per student, The freshman 
mathsmatios course was chosen as a basis for the pilot 
study in part because of. the estehlishment of both a 
new four<pyear and a new freshman mathematics course. 
Vith no traditions , of. instructional patterns £or the 
speoifio course, it seemed plausible to assume that 
.thia^ceurse might, be a good ppint' pf departure . 
forr initiating, Investigation, into the general problem. 






A second seeming advantage of.; initiating 
the investigation', in ' the context of a freshman mathe- 
matics; course k wan that the.;.c6htent qi a mathematics 
_ course seemed' 1 most r appropriate and accessible to the 
taek of partitioning, pt material for, different learn- 



ing patterns 



Thus, the espy ability to focus on 



problem solving and discovery and generalisation 
In tutorial sections , or the easy ability to focus 
on remedial skills in help sessions or programmed 
materials was utU4s'ed*.;^f.hi ! s' is not to suggest that 
other subject e axid^r inter-disciplinary courses do 
not have similarly . definable chunks* They are espe- 
cially apparent in ;thsv expected outcomes of almost 
any freshman mathematics- program* 4 

Given the reluctance to move toward the 
utilization of any learning devices committing the 
college to . long-range: costs, minimum attention was 
given, in this pilot* study, to the use of specialized 
media. Thus, the use /of closed- circuit television, 
for example, .while offering many ostensible learning 
advantages might clearly '-result in increased, rather 
than decreased costs. Assuming' the costs of ‘production 
and the cost of. continuous updating and changes which 
should be done for the material to aresiaih both fresh 
and. topical might -well be a 'commitmsnt to increased 
coat. As noted in our conclusion , this is tin area 
deserving of continued 'study. 1 • 1 Similar comments can 
be made about* ±nitiatiriff./aow-the use of 1 computer- 
assisted instruction. Again ^wlthComputer-assisted 
instruction, there- 4 appear is to-be significant cost 
requirement for experimentation in the development 
. of instructional format s not now ablS- to be realized 
as effectively by other less expensive patterns. The 
basis for cost estimates may 4; be- radically "altered 
when- and if both; closed-circuit television and computer- 
assisted Instruction become •tnofe - commonly used . Should 
. such a . time Arise , Costs wbhld then be- borne by more 
instructional unite , decreasing the cost ‘ to all . 

. v . ‘ ■ ’ '* •’ * 

. There is an additional factor to' be con- 
.sideredin the "development of innovative learning 
formats, which relates. less to their cost than to 
: $hp likelihood- 6f. their being 4 adopted 'St all. 4 
Whenever' instruct ibnal formats differ -too greatly 
from accepted ^instructional patterns, their integrity 
—and hence real vainer— is oft eri 'undermined by staff 
untrained and/pr unwilling, 'Educational innovation 
„ which .is to be truly peimanent^aUst take place slowly 
and not disenfranchise large .numbers of staff from 
participating in improved learning situations. Staff 
directly involVed in.^devslopment r - s are far more moti- 
vated and excited ..ahd ,:«e a result; spend significant 
amounts of their own time bn what to them becomes and 
is an act of creation. Similar expectancies should 
not be assumed from staff not so involved. 
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Thus, from the point of view of many 
experiments now being carried on In the United Stages 
■'and elsew h ere, the pilot study reported here is very 
modest* ■ 1 t attempted to make ho demands on resources 
- not already at hand nor eadily and -inexpensively ob- 
tainable* It attempted to Utilise those skills and 
resources available t varying degrees of/ mathematical 
Competencies of the staff , Staff skills : la lecturing, 
'Staff skills in working with small, groups of students, 
staff skills In determining abilities and needs of 
individual students, staff ability to develop problem 
materials, staff ability to Select readings, and the 
abilities of exoeptionaliy eble students to help 
■ oth^xr students. . - ' 
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Section 3. Methods 



The oourse chosen toj begin our pilot study 
in the fall of 1968 was the. . new freshman mathematics 
course, Finite Mathematical At that time the'. mathe- 
matics department pffcred three (.3) courses available 
to beginning mathematics/ students s Mathematics lol 
(for students unprepayed for Finite Mathematics, for 
general education students,, and for elementary edu- 
cation majors) r , Mathematics. Ill, Finite Mathematics 
(for students who intended either to major in mathe- 
matics or allied fields , and for students who might 
be using significant amounts of mathematics in their 
future work, i.e., students intending to major in the 
social sciences), and Mathematics 122, Calculus (for 
advanced students who planned to continue their work 
in mathematics) . 

In August 1966, Ur. Stockton and Sr. Kenner 
began work on developing a combination plaoement- 
diagnostic test for incoming freshmen. The main 
purpose of the test, at that time, was to discriminate 
among students in placing them either in Mathematics 
101 or in Mathematios 111. As we note below, the use 
of the test and its subsequent refinement was altered 
for incoming freshmen for 1969-1970. Appendix I Is a 
copy of the final diagnostic test used. On the basis 
of the first draft of the placement-diagnostic test, 
College Board soores, and high school reoords, students 
were enrolled. 

In the fall of 1968, approximately 100 
students were enrolled in Mathematics 111, Finite 
Mathematics. The 100 students were organized into 
two basio sections of 50 eaoh. (The lecture room 
assigned had a mA-Hmum capacity of 60. As will be 
noted in our conclusion, the number in eaoh basic 
section could have been 73-100 without loss of 
effectiveness.) Bach of the basic sections was 
organized into 5 tutorials of 10 students each. The 
tutorial time had not been prs-soheduled. Thus a 
questionnaire was distributed to each student to 
determine free periods and professional interest. 

In addition, the diagnostic test and Ccllege Board 
soores were used to attempt to define tutorial sec- 
tions which as nearly as possiols were filled by 
students of similar ability and professional interest. 
One tutorial waa specifically set aside for students 





6 



displaying specific weaknesses on the diagnostic 
tesp. Although the tutorial sect Ion was not called 
a remedial section, part<of its. function was reme- 
r . dial in nature* The instructor pf each tutorial 
section was givena copy of -the' student* s test. 

The basic organizational framework of 
each basic session in the ifeali , of 1968 was 

3 lectures per week required 

1 tutorial per week -.required. 

•• •• . »• . ■ .... V 

t ;„,. The course carried four (+) semester hours of credit. 
I.t; will be nptpd that we adhered to the traditional 
formula of one, credit; for each inquired period. The 
lecturers were Mr- Stockton and Dr. Kenner. The 
tutorial instructors were lira, Kenner, Ur. McDonald, 

, Mr. Stookton, and Dr* Kenner. . 

In addition to the required periods, help 
sessions— both group and Individual— were established. 
Three 2-hour group hplp .sessions sere made available 
and etudentB were alsoableto see a student assistant 
individually on a : regular basis. , That is., a student 
did apt .need to make an. appointment to recpiye; indi- 
.. ylduai help, from the student assistant. The help 

Besaions were staffed by two, exceptionally able under- 
graduate .mathematics major s,tliss Pamela Comer and 
Miss Deborah Dunphy. 

A two-week period was sat aaide (at dif- 
ferent times, fpr the;’ two sectionajto concentrate 
on developing a ^njmal operational acquaintance ,, 

. with Vi oomputer, lehguage. lirs^ Bllen fcheer » of our 
staff, aesiated by^Mr. Tony Byers of ; the Computing 
center. Staff of the' University of Missouri,, supervised 
this, two-week period*. Stephens College facilities 
consist of key pupohea..,; Progra ms were, batch proopesed 
at the hnlversity af Missouri Computing Center with 
four ( 4 ) pick-uga and dsliveries each day. Programming 
problems jw^e deyelopsd toaid the students during 
this, brief .^tro^cti«m to POBOBAH IV. (Appendices V, 
VI , VII are samples 'of the .material developed for 
. .thi* purpose.) • .V*" M ' . 

Problem materials were slap developed in 
connection with text materials, to be used with 
special effectiveness in the tutorial sections. (See 
Appendices II, XIX and IV for samples of these.) 

There was, of course, great variation in the tutorial 
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sections since sorting had been done in part on the 
basis of ability.- In some : ,tutoriais, ,for example, 
eitra readings,, such as foun<L in Appendix X, were read 
and discussed. These ridings may not hare been suit- 
able for all tutorial, groups. The lecturers for the 
lecture sections coordinated their efforts and were 
never more than one day apart during the year, with 
the exception, of course., pf the two-week alternated 
time devoted to' computer instruction. 

During the. year, Professor Ralph Dee, Di- 
rector of the Computer Center, University of Missouri 
at Rolls, and Prpfepsor Ay II. Mark, Associate Chairman, 
Department of Mathematics ,' Southern Illinois University 
at Carbondale,. served as consultants. Dr. Dee considered 
and analyzed: our .-work in computer education and Dr. Mark 
helped its defineand prepare.. ou r tutorial section prob- 
lem materials. Suggestions from both of these valuable 
consultants (noted in results) were incorporated in 
our planning for the 1969-197Q academic year. 

•At the end of the year we administered to 
-each student -a Teacher Evaluation Form (Appendix Till) 
and. a Course Format Evaluation Fozm (Appendix IX). Ho 
.. statistical analysis was made from these .subjective 
evaluation forms. They did provide, however, signifi- 
cant amounts of information about student activities, 
about what we were doing, and about how successful 
the students thought we were. . 

following the 1960-15.6^ vademic year, 
significant revisions in procedure were. m^de for the 
1969-1970 academic yaar. On thejbaais of a comparison 
of Coll ege . Boar d Scpres , our own placemcnt test scores , 
and high school records, we found little gained by 
.-...using our placement scores. - .In -fact, high school 
record, .alone , seemed to be a fairly good indicator 
of cor re ot level of entry into the freshman mathe- 
nu.tiC8 J program. We had fourid, too, ’that preparing 
for Mathematics 111 by enrolling first in Mathematics 
101 was -not usually necessary or successful. As a 
result, the freshman mathematics entry points were 
changed for the 1969-1970 year. To accommodate these 
changes in entry points, some course revision was also 
established. The courses and the baeis for entry are 
given on the next page. - 
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Mathematics 101: Only for Students (principally in 

the Arts' tod Humanities) who plan 
ho further ’eitiidy of mathematics— 
a course lfi : ‘Mheral Education. ' ! - 
Entry: date and -one-half unite of 

algebra or - more . Ho placement 
test* ’ r ' • • ■ ■ ' • • • 

Mathematics- lOle: -Only for students who plan to 
’ • satisfy requirements for State 

certification in Elementary 
BduCatiotf^ -Entry: one and 

one-half units of algebra or 
more . Ho placement teet. 

Mathematics lllR: Por Students who plan further work 
. in or need for mathematics (a remedial 

■'•• • section of Finite Mathematios) . ■ 

’ • Entry: a'score below 15-20 on the 

diagnostic test. 1 1 * ! 

• .! ... . *. ■ ; . . 

Mathematics lilt For students who plan further' work 
in or ne<td for mathematics. Entry: 
Three or fouryears of satisfactory 
high school mathematics. 

-Mathematics 211: '' For students who plan further- work 

in mathematics. Entry: Advanced 

work in high school for 4 years and 
College Board score greater than -650. 

* By a total partitioning of the ^freshman mathe- 
matics offerings, we were able to move toward the- ' 
design of course curricula which were uni cur sal in 
objeotive. r IhC revision of the placement-diagnostic 
test (see' Appendix 'X) enabled us to identify students 
wishing to enter the non-terminal course Sequence and 
to determine oh what mathematical topics their -speci- 
fic weaknesses were. The remedial section of rPlhlte 
Mathematics had a limited enrollment— no more than 15— 
and it met 5 periods a week, even though no additional 
credit was given for the extra meeting. The conjecture— 
which turned out to be true— was that by intensive at- 
tention to weaknesses, when needed , the same course 
coverage might be obtained with the additional meet- 
ings and small class size. As we shall note in the 
conclusion, after the first semester of the 1969-1970 
academic year, students from the remedial section 
were able to join the regular sections for the second 
semester. 
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The remedial sectionof the Finite Mathe- 
matics was taught as a regular' cXase, with small en- 
rolls ent. it met daily jj V7& duifchased a number of 
diffe -ent program .texts of school topics and 
when and if the need arose for' individual remedial 
work on an individual topic, the instructor, Hr. 

B. A. Chavies, was able to direct students to appro- 
priate sections of appropriate texts. : The basic text 
for the course, however, wad. the!' same as that' used in 
the regular Finite Mathematics. .section. The remedial 
section had the time to be both- more leisurely and to 
stop when deficiencies in competencies were discovered. 

The other two sections of Finite Mathe- 
matics were organized as during the previous year: 
three lectures and one tutorial section required. 
Tutorials were not, however, sectioned by ability 
due to a severe, scheduling problem. (See comment in 
recommendations.) We also. did not repeat the experi- 
ment in the introduction to computer language as a 
regular part .of the course. We common 4- on this, Too, 
in our conclusion* . Otherwise, the pattern followed 
for 1969-3.970 was the same as . that followed for 
1968-1969 in the Finite Mathematics course. 

As, a supplement to opr earlier experience, 
we sqhedulsdJLn 1969-1970ona section each of Mathe- 
matics 101 arid Mathematics ioie, in the lecture- 
tutorial .format... Both sections had enrollments of 
about 90 students . The intent' here was to determine 
the ability to use the format as a regular pattern 
without axtra staff planning, development and mate- 
rials pre-prepSfation. ,. 

.* 1 We have thus established 'inall’p^our 
freshman mathematics programs a lecture- tutorial, 
format , and have .begun to gain the requisite ex- .. 

.. perience $o adapt it tp specialized heeds and. 
abilities of students..' , . . .. . 
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Section 4> Results 



la. our original proposal ,we divided the . 
purpose ;of the pilot study into. two. main categories. 
One category dealt , with the problem of optimum deploy- 
ment of competent staff, The second, category dealt 
with the problem of optimum use of available media. 

In our discussion, here, of, the results of the de- 
velopmental wort* it . fa useful -to be faithful to 
these earlier defined: categories. As was noted in 
our Progress Report, of Harsh • 1969 , the initial delays 
in starting have ha^d the unexpectedly happy result of 
yielding; more experience apd: hopefully more insight 
into these two problems, than we. had originally ex- 
pected. 

the, problem of optimum deployment >of competent staff * 

, ... Pram a purely, cost basis, the instructional 

format suggests significant .reduction, in staff cost 
per student *-.. In the spring .jesmester 1908 there were 
185 students enrolled .fa mathematics courses with 
four, full-time, staff members,, with a ratio, of ap«. 
proximo sly 48 student eppr staff member* In the 
sprang semester 1970 , there were 324 students en- 
rolled in mathematics courses with fiye full-time . 
equivalent .staff ; member e , . a (ratio, of approximately . 

66 students per staff member .— the latter despite 
increased offerings by the department . We omit the 
spring semester 1963 since part of the staff funding 
was borne "u&ahf* tBVgMLHT* Supporting' the piieiretudy 
reported here.- a n 

•: 1.. ; • ; T' ■: ■. •. . 

r ' . ; She above .approximate data deale with the 

entire department ... enrollments. Paw, one point of 
view this; is justifiable in al/htt^i -dej^tnent . since 
.all staff carry : part of the .all hinde of 

instruction v During the two-year period , all staff 
members participated ,$n tha . instructional team for 
, the Pinite Mathematics program a« lecturer or 
Jntfariel ins truo, tor*. The post efficiency, hqwever, 
survives the test of a more narrowly conceived ae- 

,fn l^i-19!68 Ah®h e wsre '£ our sections of 
College , Algebra ^ 3 honrf ;oredft , the course .which 
was replaced by Plinite jjathematice. These four ' 
sections were at least a full load for one staff 
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member. (We use here an estimate of load which ie at 
least weighted against favorable comparison with .the 
format of the pilot study.) Despite an increase of 
credit hours from to 4, and despite an Increase in 
enrollment to approximately lo6 in l 969-1970, the 
staff time alloted fo the twi)'' sections was 2/3 of a 
position. Assuming a staff coliipenBation lave! of 
i;12,000, this means that in 1^67-jt96'fr, $12J00Q was 
committed by the college for - this instruction of 60 
student*, In 1969-1970 the college ’Committed 08,000 
staff compensation for" 25 jper'cfenlr'more Otudemts and' 7 
25 percent more earttsd! bi , edii; : '.h6OT&. Even if one 
includes the' full cost of .fito departmental student 
assistants at 0500 annually each,, the 7 ' comparison 
beoomes $12,000 percent in- 

crease in both' students 'and' student’ credit hours . 

It thus seems clear that, assuming edu- 
cational feasibility and desirability, the lecture- 
tutorial format- offer'e^pro^W-Of^^signifioant de- 
crease in cost per student per credit hour. To 
return to the use: of eompetent staff in a small de- 
partment, it seraie blear ttiat‘ ohe especially compel 
tent and. able staff member can' assume direction’ of a 
team 'for. such a courts, be given some red^o.ed load 
for this effort , and stfll offer the college jriromiSe 
of more pffiiciien.t use of fund's. The experience' gained 
in the pilot' Study rthhld s'ebm to confirm the possibi- 
lity and" 'desirability , yielding as it does the ability 
to bampre fieribleinstuff assignment a. 

* r* * V* > - a. a»v . , • , . i* •' j , ■ . • . , 

b 5 ’ '■'* : * ‘ • • *• • ** . ,•* . .f v i 

The problem ‘of optimum use Of available media : ' - t: • 

As was suggested in our introduction , bur 
definition of available media is intended to be per- 
suasive 1 .. That is to say, we have net, in this study 
attempted to' Consider media such as ' oomput er-aa si et'e d 
instruction or closed- circuit television 'since both 
of these Clearly require the commitment of .resources 
which would enable cost efficiencies only if used in 
a large variety of learning situations stretching 
far bej^ohd the single department in a small college. 
For. this study , the pf Obi em of Optianim use of avail- 
able media meant morS realistically the discovery of 
the kinds of topics, the specialized learnings, the 
individual student needs, best served by large lec- 
tures or 'best served by small tutorial Sections or. 
best nerved by programmed texts or beet Served by 
individual help. It is clear 'that we have only 



begun to. study thiB problem. Tet certain features 
begin to emerge which, suggest that it Is correct to 
Assume that the best learning design for classes as 
heterogeneous as entering freshman mathematics classes, 
will be learning formate which .vary their patterns 
and attempt to build-in flexibility. Por the purposes 
of reporting here, we > shall, obviously, artificially 
treat the individual components of: the learning for- 
mats separately* 



Large Lectures 

It is clear that for material which an 
instructor chooses to present. by lecture, there is 
little difference between an audience of 25 and an 
audience of up to lOQ. Beyond 100, the room else 
begins to. draw the lecturer, totally away from his 
class* A classroom capable of holding up to 100 
students press: rea the dimensions enabling an in- 
structor to "reach out" regularly to maintain con- 
nections* It is possible i too, that a class of. at 
least 50 makes lecturing easier and more effeotiye. 
(We assume, hers y. of oourse, the opportunities for. 
teacher-pupil dialogue exist in other contexts.) 

The larger class discourages interruption, thus 
enabling a^lecturer— who ie_ truly prepared— to 
develop coirtihUbiisiy Mb scenario— to maintain a 
continuous drama which is often destroyed by in- 
terruption— to allow and encourage identification 
by- all students . without interruption from any* - The 
task is not to destroy the lecture but to reviflfy 
it by determining, what is best developed in, a con- 
tinuous sweep; That material which is not accessi- 
.ble to lecturing is generally not suitable to. a 
«las#.:pf 25,. either* Thus, in one yery important 
sense j the Block Permat helps return integrity to 
the prepared leoture as an educational experience. 
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Tutorial . Sections 

If the large leoture ie suitable for ma- 
terial to. be developed end presented continuously 
and with, jdrama, the tutorial, is for material which 
must come as .a result of dialogue apd joint dis- 
oovery—material which, eo to speak , must be teased 
from the ftudent' rather then from the lecturer*; 
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Tutorial sections'* When* possible, were li- 
mited to no more than tea students* 'This enabled a 
seminar- type atmosphere . : We' tried, too, 1 not tc hold 
tutorials in classrooms*- (Remodeled facilities enable 
us now to hold tutorials -in a Small room with a few 
large tables and a very large' blackboard.) It was 
possible to vary- the purpose of giVen tutorials. For 
particularly able 8tudemts, : tutbrlals : were' often the 
occasion for going significantly beyond' the regular 
lecture topics. Optimally this was done without notes 
or references and with leisure. Often supplemental 
readings (see Appendix .Xj.jrars distributed and reported 
on. For many sections it was an opportunity to con- 
sider carefully connections between the lectures and 
the problem materieds. • *'Fbr' sotie sections it was an 
opportunity to detect specific. weaknesses in back- 
ground, facilitating referral- for extra study.'' For 
all sections it was an- opportunity for student 1 and 
teacher 'to Internet and engage in real dialogue with- 
out fe&f of "holding 'up' the*-' class,"' The success of 
the -tutorial sections was feit : by both staff and stu- 
dents. On the foirmat evaluation instrument (see 
Appendix IX ) a majority -of the : student's ' called for 
more than one tutorial section a week. - 



Help Sessions and Pr drammed Materials 

In' mhny ways thifc ' was the ! east successfully 
used instructional facility -by the Students. In part, 
ho doubt, this was -due to the' faot that* unlike lec- 
tures and tutorial*- whieh’-were required, these were 
optional;^' It- Stems possible, howevery that there is 
a more profound reason 'since - help session's , in' particu- 
lar,- were Tery- : Well -attended' -the week- before a' test. 
Superfi oially -this Says ' thdt tests motivate students 
to extra' work; But more : lmportSntly ; It- also says 
that before tests ‘most students found- help sessions 
useful but at other times most students did not finu 
help sessions useful. It would, thus seem to follow 
that it is po s aibl.a...thftl %tbj6.-fo cue of the help ses- 
sions was only on preparation for learnings to be tested. 
As a result there is clearly herd .a challenge to un- 
cover ways of motivating Students to ' Use all lea r n ing 
facilities more readily; ; Ferhaps a procedure worth 
investigating is a deliberate’ assignment of certain 
tbplcs to the help sessions and; the accompanying 
avoidinceof them in either tutorial Or lecture. 

This procedure would be more useful early in the 
course so that students could develop early satisfac- 
tory learning relationships with the help session 
assistants. 
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Section 5 . Conclusions and Recommendations 

Since this pilot study had, as one. of its 
central objectives, the defining of problems for 
further study and action.,., it it appropriate . that we 
combine our conclusions- and .recommendations into & 
single section* . . 

it is important, however, to assert first, 
the collective judgments of the mathematics staff 
that the pilot study was successful* . It was success- 
ful in .that it enabled us to .free ourselves from 
esta^iahpd paHoxhs of instruction is and what 

it is not..; It freed us. from arbitrary and a-logical 
equations of credit and class time and homework time. 
Establishing- this freedom may,, in fact, be the single 
moat important outcome of the pilot study; 

The evidmaoe of its success exists, too, in 
that we are eXpandihg the use of the format to other 
classes and. hope to. begLn experimentation at a larger 
Institution ,. Horthwept itissbuf f estate. Coll ege , in 1970- 
1971*. Staff end 'Student 6 haVe‘ also beedrtB operation- 
ally aware of the f dct; that nil' 1 ahrninga are not able 
to be dealt with effectively by' the 'sdmS learning 
methodologies* The staff, has. noted that student com- 
mitments to learning are more easily sustained and 
nourished, by. Varying the learning' formate. We think 
noteworthy, 'too,' the development bf the diagnostic 
teat leading to the organization of a remedial section 
of the same course,, rather than,, in the traditional 
format, moving the student orie ftftep, down the ladder. 

There was one notable failure. ’The attempt 
to , introduce computer facility in a two-week block 
during the 1963-1969 ysar , was '.clearly far from suc- 
cessful despite the imaginative development' of quasi- 
programmed programs (see Appendices y, VI, VII.) Dr. 
Ralph Lee. confirmed our evaluation . that two weeks is 
not a. lpng. enough 'time for eighifloant learnings 1>y 
all students without yjignif icaht' folio# up . The 
course .qutline does hoi allow time fdr enul: signifi- 
cant follow up. It Is our recdmmetidatloh that a 
short, but more prolonged, oomputer course be offered, 
on the side, and only then develop inputs for the 
more elementary mathematics courses. This entire 
problem needs significant study. We should like, too, 
to see attention given to the utilization of a com- 
puter as a simulator as a teacher aid, simulating such 
patterns as a random walls as part of a lecture. 



In the context of the two main problems of 
our pilot study, as deeoribed In Section 4, we would 
recommend that the following ^questions be given fur- 
ther study and Investigation., . 

1. Assuming that it is possible to define learnings 
mors effectively handled by a lecture format, what 
are the optimum lecture class sizes which pre- 
serve the potential for student identification 
with the leoturer? 

2. How can students, themselyes, be brought more 
fully into participating as staff in the learn- 
ing situation? And how can their experiences by 
students become, themselves significant, learnings? 

3. What are promising strategies r identifying 
material best suited to differing learning for- 
mats? .And how can they. be. jusei, to insure con- 
tinuous feedback to course designers? 

4* What are promising strategies for incorporating 
mors varied instructional media whose cost re- 
quirements dictate simultaneous introduction in 
more than one disciplinary. . area? 

3. How. can one effectively detexmine if optimum for- 
mat for material may ...also, be. a faction of dif- 
ferent learning respons.es by ^different students 
to auoh formats? . , vc ^ kt . . •• .. 

6.. How important is the fact of exposure to .a 

variety of learning formats as contrasted with 
its learning' effectiveness? .. 

, ‘ J . ;* t > • * ' • 

7. How effectively independent , of .learning formats 
are our instruments of evaluation? 

It should bs clear that, the above set of 
questions recommended for .further study give evidence 
that our pilot Study has. significantly deepened our 
awareness of the problems connected with course for- 
mat design— pro bleme, hopefully, hot totally intract- 
able. 
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Appendix I 



Mathematics Diagnostic Test 



1. 


(a.fcf 2 ) • (a.b) 3 


= (?) 




(a) 


1 


(b) 


a 






a*b 




b 2 




(c) 


a_ 


(d) 


i 






b 




ab 2 


2. i 


( (x 3 y ) • (x*y 2 ) • (x~ 


y ' 3 ) 


= 




(a) 


x" 3 y"6 


(b) 


0 




(c) 


x 3 


(d) 


V 2 


3. 


(m 2 . n) 3 * (?) 








(a) 


m 6 n 3 


(b) 


m 5 n 4 




(c) 


(m»n) 6 


(d) 


m 5 n 3 


4. 


(3) 


*(2)’ 4 -- (?) 








(a) 


- (6 4 ) 


(b) 


1 










6" 4 




(c) 


1 


(d) 


3. 






3 4 .? 4 




2 4 


5. 


(2- 


3 ) 2 = (?) 








(a) 


2-5 


(b) 


2-6 




(c) 


2' 1 


(d) 


2 
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6. 


31.7 x 10 -3 s 


= (?) 






(a) 31700 


(b) 3.17 


(c) .317 




(d) .0317 






7. 


( 1 . 1 ) ( . 02 ) = 


(?) 






(a) 2.2 


(b) .22 


(c) .022 




(d) 1.02 






8. 


CM 

O 

X 

r- 

CM 


= (?) 






(a) 217 


(b) .217 


(c) .0217 




(d) 21.7 






9. 


(-3.2) x (.4) 


= (?) 






(a) -1.28 


(b) -12.8 


(c) -.128 




(d) -128 






10. 


(.001) x (.2) 


= (?) 






(a) .002 


(b) .0002 


(c) .02 




(d) .2 






11. 


/T8 + ST 4 3 


= (?) 






(a) /To' + 


3 (b) 


9 




(c) 3+4 


JT (d) 


7 JT 


12. 


3 = 


(?) 






(a) 9 /r 


(b) 6 /TT 


(c) 3 sr 



(d) 18 /iT 
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13 ' T=^ * (?) 

(a) 2 - 7 2 

3 (2 + 3 * 5 ) 



(b) 



(c) 



-14 

14. v€~^ AT = (?) 



(a) AT~ 
(d) 



1 




AT 

(d) _L 
*T 



(b) 



= (?) 



(b) 



2 + vT 



(d) § - - 

2 T* 



A" 



(c) j 



(C) ~T 

4 



16. 


Whtch 
if - 


of the following 
5x + 3 < x - 4? 


relations does x 


satl sfy 




(a) 




(b) 


x > 


7 

6 






(c) 




(d) 


x < 


7 

6 




17. 


Which 


of the fol lowing 


Implies 


that 2x 


+ 1 > 2? 




(a) 


x > f 


(b) 


x > 


1 

2 






(c) 


x> "T 


(d) 


x < 


1 

2 





18. If 3x < 7 and y < 0 then which of the following 
statements is always true? 



(a) 3xy < 7y 

(c) 3xy > 7y 



(b) 3xy < 0 

(d) 3xy > 0 
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A . 



19. If 3x 2 > 2x then 3x > 2 provided which of 
the fol lowi ng holes? 

(a) x = 0 (b) x > 0 (c) x < 0 

(d) x i 0 

20. The solutions set for the inequality y < x is 
represented by which of the following shaded 
regions? 





Under which of the following conditions is the 
quantfty |x - y| negative? 


(a) 


X 

V 

< 

cr 

X 

A 

< 


(c) never 


(d) 


always 




If • 


-1 < x < 0 then |x - 2x 2 | = 


(?) 


(a) 


-x - 2x 2 (b) x + 2x 2 




(c) 


-x + 2x 2 (d) x - 2x 2 
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If x < 2 then | x — 4 1 = (?) 





(a) 


- X 


+ 4 


(b) 


- x - 4 








(c) 


X + 


4 


(c) 


x - 4 






24. 


If 


|2x - 


• 5| = 


1 then 


X 


= (?) 








(a) 


3 


(b) 


7 

2 




(c) -2 








(d) 


either 2 or 3 








* 


25. 


Which 


of the fol lowing shaded regions 


is the 




correct solution 


set for 


X 


if (x - 


1 )(x 


+ 2) 




<_ 0? 


















(a) 




t 4 


1 4 


* x 


(b) , 


l 


i 






-2 


-1 0 


1 2 


7 


-2 


-1 


0 1 




(c) 




f i 


1 i \ 


X 


(d) , 


1 


) 1 






-2 


-1 0 


/ 

1 2 




-2 


-1 


0 1 


26. 


If A 


* {i, 2, : 


3} and 


B 


= (2, 3, 


4} 


then 




A B 


= 


(?) 














(a) 


n. 


4} 


(b) 


(1, 


2, 3, 4} 








<c) 


0 




(d) 


{2, 


3} 






27. 


If A 


- 


(x, y, 


z} and 


B 


= {Z» w, 


v > 


then 




AU B 


= 


(?) 










(a) 


{z} 




(b) {x 


. y> 


z, w, v} 








(c) 


{x, 


y, v} 


(d) 


(x. y, w, v} 




28. 


If A 


s 


n, 2 , 


3} , 


B = 


{2, 3, 4} 


and 




C = 


(3, 


4, 5} 


then 


(AUB)AC = 


(?) 






(a) 


{3} 




(b) 


n, 


2, 3, 4} 








(c) 


(3, 


4} 


(d) 


{3, 


4, 5} 







2| 
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29. Which of the following shaded regions represents 
the set A H (BUC>? 



(a ) 



(b) 



(c) 




the set (A\JB) ^ (AV*C>? 
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31. In the following triangle sin a = (?) 



Ct 



2 



(a) 4 (b) 2 (c) — <d) — 

2 /5 /5 

32. sin 2 | + cos 2 j = (?) 

(a) 1 (b) j (c) | (d) 2/2 

33. cos (a + 6) = (?) 

(a) cos a + cos 6 (b) cos a cos B-sinasinB 

(c) cos a - cos 6 (d) sin (a - 8) 

34. Which of the following represents 5 ^raph of one 
period of y = si n x? 



y y 
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35. If sin a 



(a) 



l 

4 



(d) 



✓1 

4 



then cos a = (?) 

(b) j (c) 16 



36.' Which of the following is a solution to the pair 
of linear equations 2x = 3y + 1 , y = -4x + 2 ? 



(a) 


x = -2 and y = y 


(b ) x = 1 and y = -2 


(c) 


x = 4 - and y = 0 


(d) no solution exists 


The curve y 2 = 3x + 1 and the 1 i ne x - 5 satisfy 
which of the following? 


(a) 


intersect at exactly 1 


poi nt 


(b) 


do not intersect 




(c) 


intersect at exactly 2 


poi nts 


(d) 


intersect at infinitely many points 



38. Which of the following is a solutior to the pair 
of linear equations 3x + 2y - 1 = 0 , 

2x - 3y + 1 = 0? 



(a) 


X = 


-jy and y 


= 


5 

13 




(b) 


X = 


■j and y = 


1 

2 


(c) x = 4- and y = 


5 

6 






2 




-3 




(d) 


X = 


— ana 


y 


11 
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Aopendix I I 



Tutorial Problems on Functions 



1. Show that the following holes 



<x, y, z> = <r, s, t> iff x = r, y = s, z=t 

by Identifying an ordered triplet as a mapping 
and then using the criterion for the equality of 
two mappings. 



Consider f: A — > B where A, B are finite sets 

with a the number of elements in A and 8 the number 
of elements In B. Which of + he following cases 



are 


possible? 








a . 


a < 6 


and 


f 


onto 




b. 


8 < a 


and 


f 


one-to-one 


c. 


a i 6 


and 


f 


onto and f 


one-to-one 


d. 


a * 6 


and 


f 


onto and f 


not one-to-one 


e. 


a - 8 


and 


f 


one-to-one 


and f not onto 



3. Let f, g be defined for all x t /P by 

3 - x 



f ( x ) = 3 - 5x 



f (x ) = 



a. Show that f(g(x)) = x for all x 

b. Show that g(f(x)) = x for all x 

c. What can you conclude about f and g from 

the results of a., b? 

4. Which of the functions f of exercise 4, In the 
previous section are one-to one? For each 
such f, find f" 1 

5. If F : A — > B Is defined as follows, determine 
whether f is or.to ; whether f Is one-to-one and 
determine the pre-lmage(x) of each y£ B. 



a . 


f ( X ) 


= x2. 


A = |R, 


B * IP. 


b* 


f ( x) 


» X*. 


A = (R, 


Co 

II 

* 

o 


c. 


f ( X ) 


= x2. 


A = »R 0 , 


B = R° 


d. 


f ( X ) 


= 2x, 


A = R, 


B = IP. 


e. 


f ( X ) 


= 2x, 


A = Z, 


B = Z. 
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6. 



Relate the following statements by implications. 
(For example: (b) ■=> (a) ) 



a. 


f: 


CD 

T 

< 


b. 


f • 


A°-0iPB 

A— 

A^.B 

onto 


c. 


f : 


d. 


f : 



7. Show that the function f of example 3.1.14 in 
the text is one-to-one and find its inverse 
function. 

8. Let f be defined by f(x) = ^ for x £.1R + . 

a. Find the range of f. 

b. Show that f is one-to-one 

c. Find the inverse function i~ . 

9. This problem is a continuation of example 3.1.12 
I n the text. 

Let S = (a, b, c, d} and define the mapping Q by 
Q(x) = P(P(x)) for x & S 

a. Show that = Rq = S 

b. Show that Q is one-to-one 

c. Determine the inverse function Q . 

10. Under what conditions (if any) is the mapping P 1 

of example 3.1.20 In the text a one-to-one 
mapping? 

11. Let f be def I ned by f (x ) = x 2 +1 for x£>R 
and g by g(x) = Sx - 1 for x£ |R, x >_ 1 . 

a. Show that f(g(x)) = x for all x£ D^. 

b. Disprove: g(f(x)) = x for all x^ f , . 
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12. This problem is a continuation of example 
3.1.13. in the text. Let A and B be subsets 
of U. 

a. Sbow that A = B iff X A = X Q 

b. Show that X A ,(t> = 1 - X^tVXgtt) for 
all t €. U. 

c. Show that X A/ ^g(t) = X A (t)>Xg(t) for all 
t £ U. 

d. Show that X Ac , B <+> = X ft (t) + X Q (t) - X A (t)Xg(t) 
for all t£L U. 

e. Show that the association A— )X, for each subset 

rt 

A of U defines a one-to-one mappinq with domain 
P(U). 

13. a. Prove: If f is a function and g Cf, then g is 

a function. 

b. Prove: If f is one-to-one and gC f, then g Is 

one-to-one. 

Context: If f is a function and gc f, we call 

9 a restriction f and we call . an exter.sign 
of g. I f Dg = C, we ca 1 1 g the resrriction of f to 
C. (Notetnnt we must have D c Df • ) Alternatively 

we may say .that g is the restriction of f to C iff 
g has domain C and g(x) = f (x) for all x € C. 

In examples 3.2.2 of the text we considered 
functions f, g such that g was the restriction 
of f to <R°. The example shows that we may 
have g one-to-one, get and f not one-to-one. 

14. This problem is a continuation of example 3.1.22 
in the text. 




we call a\ A-Transpose. Now let 0_be the mapping 
with doma i n def i ned by 0 (A) = A . 
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Appendix I 1 1 

Tutorial Problems on Vectors 



1 . Let 


a = <1 , -3> , 6 = 


<3, - 


A 

1 

o 

V 

II 

>- 

A 

CNI 


Find 






a . 


2a + 36 - 


f . 


la 1 

te| 


b. 


| 2a + 36 - 5Yl 


9- 


a # a 

“nr 


c. 


(2a) * (y ) 


h. 


a »a + . 6 » 8 

|a + 6 1 


d. 


(a) * (36 + 4y) 


*• 


ja + B| (a # 8) 


e. 


(3a - 6)* (3a - 6) 


j. 


| a - 6 1 ct - (a - 6 ( 6 


2. Let 


a = <~2, 1>, 6 = 


<5 , 


-1>, y ~ <2, 7>. Find 


a . 


a + 28 ~ 2y 


f - 


(26)* (3y - a) 


b. 


5(a + 8) - 2(6 - Y) 


9« 


a*a t ft* ft 
|a| +|S| 


c. 

A 


|a - 6 + y| 

|a| - I&L+ 1 y| 


h. 


|a|a + 1 6 | 0 + | Y | Y 


0 « 


|a - 8 + Y | 


1 . 


( |a|a) * a 


6* 


a « (8 - Y> 


j* 


( |a + 6 { > (a + 6)*(a + 


i. Show 


that the following 


sets 


of vectors In V ? (R) are 



linearly Independent. 



a . 


{<i. 


3>, 


A 

1 

CM 

V 


be 


{<i. 


A 

O 


<2, 3>} 


c. 


{<4, 


->>, 


<0, 2>) 


d. 


o 

V 


A 

CM 


<3, 1>} 


e. 


<4 


A 

O 


A 

O 
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4. 



Let a = <0, 2>, 8 = <-1, 1>. Find values of 
and \<2 (possibly different for each problem) such 

that 

a. <2, 3> = k^a + k^8 

b. <-1, 2> = k^a + k ^ 6 

c. <3, -4> = k^a + 

d. <2, -4> = k^a + k2& 

5. a. Let a = -O , 0>,8 = <1, -1>. Show that the set 

(a, 6) is a linearly independent set. 

b. Show that V ? (R) = {k^a + k£ 8: k^ , k^ R) 

6. a. Let a = <-1, 1>,8 = <-1, -1>. Show that the 

set {a, 8) is a linearly independent set. 

b. Show that V^tR) = k^ + k£8 : k^ k 9 R 

7. Show that the set {<), 0>, <0, -1>, <2, 1>} is a 

linearly dependent set. 

8. Show that the following relationships hold: 



a . 


|ka| = |k| 


M 


b. 


ii 

s|-* 


- k ^ 0 


c. 


|a + 8| <. 


|a| * | e | 


d. 


|a - 8| 1 


l«l - |S| 
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9. Give an Interpretation of the following 

operations or relationships In the representation 
of vectors In E 2> a, 8, y c V 2< 

a. a + 6 'f. a - •£ 8 = -£(a-6) k ? 0 

b. a + 6- v g. a = 2B , a = kB k / 0 

c - 1° + 6 I < l°l + l 6 l h. a * 8 t 0 

d. |a - 6| > |a| - |e| | a#8=0, a*y=G 

e. ^a--^8 = ^(a-e) 8 = k y 
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Answers for Problems on Vectors 



1 , 



a. <11, 

b. /no 

c. 6 

d. 39 

e. 49 

f. /To 

/T3 




-7> 



or 



/l30 

13 



pr /To 



h. a 

/41 

i . 9/4T 

j . <-2/s\ -/T> 

2. a. <4, -15> 

b. <9, 16> 

c. /T06 

d. /5 - /26 + /53 

/T06 

e. -14 

f . 40 

9- __U 

/5 + y/26 

h. <-2/5 + 5/26 + 2/53, /J - /26 + 7/53> 

1 . 5/5 

j. 27 



3 ! 




34 : 



4. 



k 2 + -2 



a. k 



5 

2 ' 



b # k ^ 2 > ^2 



d. k 



c. k 





9. Hints 

a. diagonals of parallelogram 

c. lengths of sides of triangle 

e. the length of the line joining midpoints of 
2 sides of a triangle equals one-half the 
3rd side. 

i. If 2 line segments are perpend I cj lar to a 
3rd line segment, they are parallel to each 
other. 
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Appendix IV 

Tutorial Problems on Probability 

1. Let S be a sample space of 4 elements: 

S “ * a 2’ ^3' a 4 * 

a. Let P be a function of S — such that 
Pta,) = 1 , P(a 2 ) = ^ , P(a 3 ) = j , 

P(a^) = . Does P define a Probability 

Function? 

b. Let P be a probability function. Find P(a^) 
if P(a 2 ) = j , P(a 3 > = 1 , P(a 4 ) = ~ . 

c. Let P be a probability function. Find P(a^) 

and P(a„) If P(a,) = P(a.) = 4- and P(a.) = 
2P(a 2 )/ J 1 

d. Let P be a probat llty function. Find P(a^) if 

a 3 }) - f 

a 3 }) = \ 

\_ 

3 

2. Two men m^ and m 2 and three women w^, w 2> w 3 are 

In a chess tournament. Those of the same sex have 
equal probabilities of winning, but each man Is 
likely to win as any woman. 

a. Find the probability that a woman wins the 
tournament. 

b. If and w^ are married, find the p obabillty 
that one of them wins the tournament. 



P((a 2 , 

P({a 2 , 

P(a 2 ) 
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3. Let a die be weighted so that the probability of 
a number appearing when the die is tossed is pro- 
portional to the given number (e.g. 6 has twice 
the probability of appearing as 3). Let A = 

(even number} , B = {prime number}, C = {odd 
number}. 

a. Describe the probability space, l.e. find 
the probability of each sample point. 

b. Find P(A), P(B), and P(C). 

c. Find the probability that 

i. An even or prime number occurs, 
ii. An odd prime number occurs, 
ill. A but not B occurs. 

4. Determine the probability of each event: 

a. An even number appears in the toss of a fair 
die. 

b. A king appears in drawing a single card from 
an ordinary deck of 52 cards. 

c. At least one tall appears in the toss of three 
fair coins. 

d. A white marble appears in drawing a single 
marble from an urn containing 4 w 4 ?te, 3 red 
and 5 blue marbles. 

5. Let A and B be events with P(A) = ~ , P(B) - ~ , 

1 y 1 

and P(AOB) = ~ . Find 



a. 


P(AUB) 








b. 


P(A f ) and 


P(B' ) 






c. 


P(A'^ B' ) 








d. 


P(A' Vb ! ) 








e. 


P(AHb' ) 








f . 


P(BOa' ) 








Let 


A and B be 


i events 


with 


P(AUB) 


P(A 


1 ) = -j and 


P(AOB) 


1 

S 4 


. Find 


a . 


P(A) 








b. 


P(B) 








c. 


P(AAB' ) 
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7. A die is tossed 100 times. The following table 
lists the six numbers and frequency with which 
each number appeared 1 



Number 


1 


2 


3 


4 


5 


6 


Frequency 


14 


17 


1 20 


18 


15 


16 

__ 



Find the relative frequency of the event. 



a. A3 appears. 

b. A 5 appears 

c. An even number appears 

d. A prime appears. 

8. Three light bulbs are chosen at random from 15 

bulbs of which 5 are defective. Find the probability 
that : 



a. None of the three chosen is defective. 

b. Exactly one of the three chosen is defective. 

c. At least one of the three chosen .a defective. 



9. Let A and B be events with P(A^B) = 7/8, 

P(AAB) = 1/4 and P(A ; ) = 5/8. Find P(A), P(B), 
and P(AF\B’ > • 

10. Let A and B be events with P ( A ) = 1/2, P(A»JB) = 3/4 
and P(B') = 5/8. Find P(A^B), P(A'f\E'), P(AVB') 
and P(BfSA’). 



11. Let S * {a 1 , a ? , . . . , a g } and T = {bj, b 2 ,...,b + } 
be finite probability spaces. Let the number Pjj = 
P(a ? )P(bj) be assigned to the ordered pair (aj, bJ 
in the product set 

S X T = { ( s , t ) : s £ S, t £ ,T } . 



Show that the p f , define a probability space on 
SXT, i.e. that the pjj are non-negative and add up 
to one. 
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12. A pair of fair dice is thrown. Find the 
probability that the sum is 10 or greater if: 

a. A 5 appears on the first die. 

b. A 5 appears on at least one of the dice. 

13. Three fair coins are tossed. Find the probability 
that they are all heads if 

a. The first coin is heads. 

b. One of the coins is heads. 

14. A pair of fair dice is thrown. If the two 
numbers appearing are different, find the 
probabi I i +y p that 

a. The sum is six 

b. An ace appears 

c. The sum is 4 or less 

15. An urn contains 7 rec marbles and 3 white marbles. 
Three marbles are drawn from the urn one after 
the other. Find the probability p that the first 
two are red and the third is white. 

16. The students in a class are selected at random, 
one after the other, for an examination. Find 
the probability p that the boys and nirls In the 
class alternate i f 

a. the class consists of 4 boys and 3 girls. 

b. the class consists of 3 boys and 3 girls. 

17. An urn contains 3 red marbles and 7 white marbles. 

A marble Is drawn from the urn and a marble of 

the other color is then put into the urn. A second 
marble is drawn from the urn. 

a. Find +he probability p that the second marble 
: is red. 

b. If both marbles were of the same color, what 

is the probability p that they were both white. 

18. We are given two urns as follows: 

Urn A contains 3 red and 2 white marbles. 

Urn B contains 2 red and 5 white marbles. 
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An urn is selected at random; a marble is 
drawn and put into the other urn; then a 
marble is drawn from the second urn. Find 
the probability p that both marbles drawn are 
of the same color. 

19. The probabi I ity that a man w? I I live 10 more 
years is 1/4, and the probability that his wife 
will live 10 more years is 1/3, Find the 
probabi I Ity that; 

a. Both will be a I ive in 10 years. 

b. At least one will be alive in 10 years. 

c. Neither will be alive in 10 years. 

d. Only the wife will be alive in 10 years. 

20. We are given two urns as fol lows; 

Urn A contains 5 red marbles, 3 white marbles 
and 8 blue marbles. 

Urn B contains 3 red marbles and 5 white marbles. 



A fair die is tossed; i f 3 or 6 appears, a 
marble is chosen from B, otherwise a marble 
is chosen from A. Find the probability that 
(a) a red marble is chosen, (b) a white marble 
is chosen, (c) a blue marble is Chosen. 
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Answers to Probability Problems 



1. 


(a) 


No 


(b) 


7/18 






(c) 


P(a 1 ) 


= 1/3, 


P(a 2 ) = 1/6 


(d) 1/6 


2. 


(a) 


3/7 




(b) 3/7 




3. 


(a ) 


Let P(1 ) = p 


. The P(25 = 


2p, P<3> = 3p, 






P(4 ) 


= 4p, P ( 5 ) = 5p, and 


PC6) = 6p. 




P(1 ) 


1 

21 


- , P(2) 


■ -jj , P<3) 


' 7 • p<4> * -5T 




P(5 ) 


5 

21 


■ , P(6) 


_ 2 
7 






(b) 


4 10 3 

7 ' 21 ' 7 








(c) 


20 
21 ' 


8 

21 ' 


10 

21 




4. 


(a) 


1/2, 


(b) 1/13 (c) 


7/8 (d) 1/3 


5. 


(a) 


5/8 


(b) 


5/8 and 1/2 


(c) 3/8 




(d) 


3/4 


(e) 


1/8 (f) 


1/4 


6. 


(a) 


1/3 


(b) 


2/3 (c) 


1/12 


7. 


(a) 


.20 


(b) 


.15 (c) 


.51 (d ) .52 


8. 


There are 


455 ways to choose 3 


bulbs from the 




15 bulbs. 










(a) 


120 


24 




226 24 




455 


or 9f 




455 or 9T 




(c) 


1 - 


24 


67 






91 


91 




9. 


3/8, 


3/4.. 


1/8 






10. 


1/8, 


1/4, 


7/8, 


1/4 




12. 


(a) 


1/3 


(b) 


3/11 




13. 


(a) 


1/4 


(b) 


1/7 
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15. 


7/40 






16. 


(a) 1/35 


(b) 


1/10 [Two mutually exclusive 
cases — first student a boy 
or first student a girl.*] 


17. 


(a) 17/50 


(b) 


Probability that both were 
white is 21/50. 








Probability that Doth were 
same color is 12/25. 








21 . 12 7 
p ‘ 50 ' 45 “ 8 



18. Construct a tree diagram. There are four paths 
which lead to two marbles of the same color. 





P = 


1 . 3 .3 + 

3 5 8 + 


1 2 3 
2*5*4 


+ 1.1 
2 7 


1 + 1.3 
•3 2 7 


1 901 

'2 " 1680 


19. 


(a) 


1/12 


(b) 


1/2 


(c) 


1/2 




(d) 


1/4 










20. 


(a) 


1/3 


(b) 


1/3 


(c) 


1/3 
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Appendix V 



Sample of the Computer Segment Program 

Write a program to calculate the average of the 
fol lowing numbers. 

9.6, 87.2, 33.49, .987, 8.34 

C PROGRAM NUMBER 1 FINOS THE AVERAGE 

C OF THE NUMBERS (9,6, 87.2, 33.49, 937, 8„?4> 

A=9.6 
B=87 . 2 
C=33.49 
S= . 987 
P=3. 34 

AVE=(A+C+S+P+B)/5 
WRITE (6,100) AVE 
100 FORMAT (2X,8HAVERAGE=, E18 7) 

STOP 

END 
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Appendix VI 



Sample of the Computer Segment Program 



Write a program which will compare two values, A and 
B, and perform the following: 



If 


A > B 


then 


write A 




If 


A < B 


then 


write B 




If 


A = B 


then 

that 


write a comment 
they were equa 1 . 


stat i ng 


Construct the program so 
above on n sets of A and 


that it will perform the 
B. 


1 n particu lar let 


n = 5 


i and let the 5 


sets of 



A and B be* 



A 


OD 


3 


5 


8 


4 


7 


7 


5 


2 


3 


3 



The program will first be written as if there were 
only 1 set of A and B. When this has been 
accomplished we will extend the program for n 
sets of A and B. 



41 




44 



c 


PROGRAM NUMBER 5 


SI 




READ(5, 1 00) A, B 


S2 


100 


FORMAT (2F 10.0) 


S3 




IF(A-B)2,3,4 


S4 


3 


WRITE (6, 101 ) 


S5 


101 


FORMAT ( 1 4X .21 HTHE VALUES WERE EQUAL) 


S6 




GO TO 5 


SI 


4 


WRITE (6, 102) A 


S8 


102 


F0F<MAT ( 1 4X , 2HA= , E17.8) 


S9 




GO TO 5 


S10 


2 


WRITE (6, 103) B 


S11 


103 


F0RMAT(14X > 2HB= > E17.6) 


S12 


5 


STOP 


S13 




END 


SI 4 



SENTRY 

Col. 1-10 Col. 1 1-20 

3. 5. 

The symbol Sn ( n— 1,2,14) to the right of each state- 
ment Is not part of the language, but a method of label- 
ing each statement for reference in the text that 
foi lows. 

For the values A=3. and B=5. only the statements S2, 

S4, S11, and SI 3 would be executed. They were executed 
In that order. This is what we wanted. 

If A=8. and B=4. then statements S2, S4, S8, S10 
and SI 3 would be the only ones executed. They would 
be executed in that order. Exactly what is wanted. 

If A=7. and B=7 what statements would be cuted? 

Thus the program works properly for any set of values 
A and B. 
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The program will be rewritten to work for n sets of 
values A and B. 



C PROGRAM NUMBER 5 (GENERALIZED) 

I C0UNT=0 

READ (5, 100) NSETS 

100 FORMAT (110) 

6 READ(5, 101 ) A,E 

101 F0RMAT(2F10.0) 

IF(A-B)2,3,4 

3 WRITE(6, 104) 

104 FORMAT (14X, 2 1HTHE VALUES WERE EQUAL) 
GO TO 5 

4 WRITE (6, 102) 

102 FORMAT (14X,2HA=, E17.8) 

GO TO 5 

2 VvKlTE(6, 103) B 

103 FORMAT (14X,2HB=, E17.8) 

5 I COUNT” I C0UNT+ 1 

I F (NSETS. EQ. I COUNT) STOP 

GO iO 6 

END 

SENTRY 

Col. 10 
5 



1-10 


Col. 11-20 


3. 


5. 


8. 


4. 


7. 


7. . 


5. 


2. 


3.- 


3. 




46 



Appendix VI I 



Sample of the Computer Segment Program 

Generalize program 9 to find the sum of the even 
inteoers starting with n and extending through m. 
n and m are even Integers. 

1 . c * $UM = n + (n + 1) + (n + 2) ~ + m 



From program 9 we know that 
2+4»6++k=|(k+2) 

Applying this fact twice we nave 
n + (n - 1 ) + (n + 2) + + m = | (m + 2) - 



| (m + 2) - J (n - 2) 

In particular find the following sums. 

2+4+6+ +100 n = 2, m = 100 

8 + 10 + 12 + +20 n = 3, m = 20 

42 + 44 + 46 + +96 n = 42, m = 96 

100 + 102 + + 200 n = 100, m = 200 

Let the variable nstart be the value n. 

Let the variable nflnal be the value m. 

Let the variable num+Im be the number of sums, 

which we want the program to find 



(n - 2) 



(n 



2 + 2 ) 
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C PROGRAM NUMBER 10 
ICOUNT=0 

READ <5, 100) NUMTIM 
100 FORMAT (2110) 

8 READ (5 ,100) NSTART. NFINAL 
NSAVE=NSTART 

NSUM=0 

5 NSUM=f!SUM+MSTART 
NSTART-NST,RT+2 
IF(NFINAi.- ' TART)6,5,5 

6 FNF 1 NL=i * .L 
FNSTRT=N. »4; 

CHECK=(FNFINi_/4. )* (FNF INL+2. ) - (FNSTRT/4 . )# (FNSTRT-2 . ) 
WR!TE(6, 1041NSAVE, NFINAL, NSUM, CHECK 
104 FORMAT (2X ; 2HN=, I 10,2X,2HM=, 1 1 0 , 2X , 8HSUMM I NG= , I 10, 2X 
I 1 0HBYFORMU LA, E 1 7 . 8 
l COU NT= I COUNT+ 1 
IF (NUMTIM- 1 COUNT) 9, 9, 8 

9 STOP 
END 

SENTRY 

Col. 10 

4 
2 
8 
42 
100 



Col. 20 

100 
20 
- 96 
200 
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Appendix VI I I 



Teacher Evaluation Questionaire 
Stephens Co! lege 

Major Sex 

Class Grade Point Average 

Directions: It is the desire of your instructor to 

achieve the best possible instruction in this course. 
To help accomplish the purpose, this evaluation sheet 
was devised to obtain a systematic poll of student 
opinion. Carefully consider each question, then 
record your judgment by encircling one of the letters 
A, B, C, D, E for each item. A blank space has been 
provided at the end for adding comments you wish to 
make . 



1. 


Were important objectives met? 






A 


B 


C D 


E 


Tho 


course is an 




Contributes about 


Thi s course 


important contri- 




as much as the 


doesn't seem 


bution to my 




average college 


worthwhi le to 


CO 1 


lego education 


• 


course . 


me . 


2. 


Does instructor 1 


s presentation of subject matter 




enhance learning? 






A 


B 


C D 


E 




Presentation 




Presentation not 


Presentation 




very meaning- 




unusual 'y good or 


often confusing 




ful and 
fact I Mates 




bad, about average. 


se 1 dom he 1 pfu 1 . 




learn! ng. 








3. 


Is instructor 


' s 


speech effective 0 






A 


B 


C D 


E 




1 nstructor' s 




Speech sometimes 


Speech usual ly 




speak! ng ski 1 


1 


invites attention 


d 1 stract 1 ng. 




concentrates my 


on speaker rather 


concentration 




attention on 
sub ject . 




than subject. 


very difficult. 



O 
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4. How well does the instructor work with students? 



A B 

I feel welcome 
to seek extra 
help as often 
as needed. 



C D 

I feel hesitant 
to ask for extra 
help. 



E 

I would avoid 
asking this 
instructor for 
extra help unless 
absolutojy 
necessary. 



5. Does the instructor stimulate independent thinking? 



A 

instructor con- 
t i nua lly in- 
spires me to 
extra effort 
and thought 
beyond course 
requ i rements. 



B C 

In genera), } do 
on ly the usua I 
thinking in- 
volved in the 
assignments. 



D E 

) seldom do more 
than rote memory 
work and cramming. 



6. Do grading procedures give valid results? 
ABC u 



E 



I nstructor f s 
estimate of my 
over a! I 
accompl 1 shments 
has been quite 
accurate to 
date. 



i nstructor ■ s 
estimate of my 
accomp I I shments 
i s of average 
accuracy. 



I feel that the 
i nstructor ? s 
estimate is quite 
i naccurate. 



7. How does this instructor rank with others you have 
had? 



One of the best Satisfactory or 
instructors I above average, 
have ever had. 



.e of the 

poorest i nstructors 
I have ever had. 



Comments; 

(favorable) 

(unfavorable) 
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Format Evaluation Sheet 

As you all know this course Is In the stage of 
development. We would therefore appreciate your 
filling out the following questional re. You will 
note that your response Is anonymous. You should 
thus find little difficulty In being aulte frank. 

In each question please check the appropriate box. 

1. As a final grade in this course I expect to - 
receive an: 

A B C D E 

2. \ found the text materials' 

Very Useful Of Average Use 

Of Little Value 

3. I fourd the lectures*. 

Very Useful Of Average Use 

Of Little Value 

4. I found the Tutorials* 

Very Useful Of Average Use 

Of Little Value 

5. I use the Problem Sessions* 

Frequently Occassional ly 

Not at a I I 

6. Compared with other Mathematics Courses I have 
had, I found the Course: 

Challenging Of Average Dffifculty 

Easy 
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7. Compared with other Mathematics Courses i have 
had I found the Course* 

Very Interesting Fairly Interesting 

Du I I 

8. On the basis of my background in Mathematics, 

I think the course was: 

Too Hard About Right Too Easy 

9. I found the Computer Work 

Very Interesting Fairiy Interesting 

Du I I 

10. I found the Computer Work: 

Too Hard About Right 

Too Easy 

11. I found the notes on the use of Compiler: 

Very Helpful Fairly Helpful 

Not Helpful 

12. Compared with other courses I am taking at 
Step hens , I found the course 

Very Challenging Fairly Challenging 

Not Cha I lengi ng 

13. It Is my intent to take* 

Additional Mathematics Courses 
No more Math Courses 
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14. I felt that the lectures and tutorials were; 



Sufficiently Co ordinated 

Insufficiently Co-ordinated 

15. I would suggest the following changes to improve 
the Course. (Please feel free to make any 
suggestion you wish.) 



Appendix X 



Reprinted on the following pages are two 
sample Journal articles used for collateral reading 
and discussion In the Tutorial Sections of the Finite 
Mathematics Course. 



O 
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Tessellations 

AH &DY£f€T^aS IM F^THSMATfrs 



The tpeaicst handicap a pupil can have 
hi the study of mathematics is the >ycH-f that 
ir is prirrarlly logical. These arc strong words; 
hut strong words arc nrcupary. 

What distinguishes a inathernaiu ktu .* 
Study it is his insight. hU intuitive gravp of 
th r mathematical aspects uf situations, and 
h ability to choose and to use appropriate 
technic i uo. Only in the inr of these techniques 
arc we unquestionably corxvrncd with l«vpi.\ 

A surgeon lends i<» tx* judged h> fus 
masitiy ot technique and his ski! I at manipu- 
lation. But before he starts any operation he 
must know exactly what he. is trying to do. 
and he mast decide how he is going to do it. 
The same pattern is evident in any task you 
care to consider ~ in building an airliner, 
in keeping hem, in teaching a class There 
Is a great temptation 10 ignore these two 
essential preliminaries as they usually involve 
only thought. Indeed, in repetitive work they 
aie relegated to the unconscious we ar<* 
*a/d to have * experience'* and know what to 
<jo without thinking. 3ut without the mohic- 
fion and dinitivn supplied hy the first two 
stages the third stage of mum becomes as 
meaningless as a computer without an 
operator. 

Throw a problem at a mathematician. 
What dors he do? He thinks about it. if 
necessary he will translate it into his own 
language — and this may cause him the 
greatest uouble. Then he will look tor a 
pattern and try to relate it to what he knows. 
Suddenly he jumps up with an exclamation, 
grabs a pencil and scribbles furiously. If ius 
intuition vms right and his manipulation is 
^outxi he will soon produce an answer. Bui 
note that the bulk of his work was done 
belbrt he started writing. 



Reprinted from; Mat h mu3c 
Tea olu^a^ , '5unin;* r 1 3 6^ . 



ceOFFREV &UAS 

Strati#! ht Vt Tv,\ F/rlh. 



Now look a; **.»>> e\cm paper m ins. the - 
rnatjes. Ignore the computation a»\d wnat is 
left? Possiblj ;i couple of ludi.'ruics. sif.**eo* 
typed problems. Is this ;> derwnt prcparai'cm 
for btc? Is the ability to pas * such exams any 
iniikation of ability to use rnvthen* »tic& m 
rrai hie problem** What cli. nct* do ranch- 
dates have a> develop ih«-u mathematical 
bnuition/ W'hai w teach .should mix iniiu- 
iioa and rc«v>ii in qoauihic. *ujtvd to the 
age and nbihty uf tb**se being taught, 
i'hinughout the whole of school imuttt- 
tnautA a primary aim should be to highlight 
the aid that * cason can give i«* ivauttirm. 

The* Q,tt9tdr»rrt Probbm 

Hie following problem whau »■ rose qviiie 
naturally and I'.nexpectfdk mu. :ed rut off 
on an investigation whTh tan be best 
described as a*, adventure. Some boys were 
making wail lamps. These were to have 
conical shades which would be made out of 
quarter circle* of inmbment much 

parchment should i order ? Once sizes and 
numbers were known this wu a straight 
lorwaid matter. But it hid a far more interest- 
ing question: if a manufacturer had tr> supply 
a large ninnbei of q uadi ants all stamped out 
of sheet parch mem how small could lie keep 
his wastage ? 

Clear l> the relative size of the sheets of 
parchment and the required quadrants is 
important. If the quadrants were larger than 
the wheels the wastage would be lU0° o . On 
the othci hand the larger ti e sheets the 
smaller the edge effects will be. 'Docs one 
appreciate this hy reason or bv intuition’; 
I*t us avoid this difficulty b> supposing a 
continuous sheet of parchment. 
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Now we have to consider how we should 
•cut out the quadrants if we wish to minimi** 
waste. We could work empirically, paclung 
them in one by one like groceries in a box. 
(Fig. !) But it seems reasonable to suppose 
that the best method will form a regular 
pattern. (At least it seems to to nve, But I 
certainly would not like to prove that it is to.) 

Assuming this regularity, we tan find the 
percentage wastage by considering one 
"unit" of* the pattern* as every ovh*!r unit 
will be exactly the same. In other words* 
«* are looking far a t hap* u-hirh mv.jt circtmneribe 
the recruited quadrant icilh cv littit extra area as 
fassibk- -but uhtch must al<o be m iloble fen 
tesstUatini * a plane. For example the plane 
could be tessellated with squares, and line 
quadrant could he cut out of each square. 
(Fig. 2). In this case the wastage is 2i*.V\,. 
Not very good. 




Now, this reatatemei i of the problem is a 
big step forward. We know this by the 
number of ideas and possibilities that a.e 
now* jumping tmo our minds. There are many 
ways of proceeding and it is difficult to know 
which to choose. Let us have a look at a 
couple of them, (If you want the fun of 
working it out for yourself nop reading now 
—and 2on’t look at the diagrams?). 
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ftake 2 

L^i us try fitting qu&drau ts together 
methodically. Knowing that ibur quadrants 
can make a circle w* try packing circle 
(Fi,;s. 4). marling in the hadcgxcund 

tessellation. 1 hsu ia as for as we etui po wuh 
cticlen. Fut wait a minute? Fur. 3 uses the 
* am? tex'dfoiion as Fig. 2. and using the 
fccnc one again wc could arrange the quad* 
rants as in tig. t in which the waste can be 
obviously decreased by ‘squeezing**. This 
raises a nice problem of a more traditional 
type: what is the percentage w&gtugr now? 
i But this still involves Teal thought and not 
just manipulation). 

What about other w»ays of fitting quadrants 
together methodically ? Now it b not >;o easy 
to visualisr possible arrangements. The best 
was to proceed would be to cut *>rr>e out and 
try . . . ' Memo • eo fleet a feu: circular beer 

mats w next vi\i t to pub.) 

Pnth 2 

What vessel Luo ns are. there ? Can w'C 
adapt them to suit our quad* ant pioblem/ 
Let us go through some oi them: square 
(wc’vc considered this already^ vecUnglc 
(have a look at Fig- A ‘. ; parallelogram tM»> 
ideas? 1 haven’ll;: triangle \f ig. 6 -this can 
lie adapted as shown later to give a solution;. 

What about the quadrilateral* 5 We try it 
doubtfully, it works! v> N ig 7; L*t as use ? 
But how do we ctrt ti inscribe h quadrilateral 
oJ minimum area round war quadrant? 
v Kig. d, Is it A, B. or G? After *<>mr thought 
our intuition tells us that it wil? be n kite 
compos'd of ww is fceles mangles. ;Or do 
ivc arrive at this conclusion logically l ) On 
ga/.ing a: it a few minutes logger we realise 
that it b a quarter of a regular octagon. 
Interesting! On looking bat k at Fig. 4 we see 
that the basic quadrilateral h a quarter of a 
regular hexagon. More interesting! 

Fig. 9 shows part of the tessellation w e g:t 
Migh f wc nut decrease the wastage by 
squeezing it a bit more so th?.t the right angles 
came through to meet the circumferences? 
What does that make the wastage now ? 

Where do wc go after quadri fotcmJs ? 
Pentagons? Tile regular pentsgcR will not 
tcsscllate. Whet pentagons will * This is more 
difficult. It i n part of the general problem 
that wc must now tackle: wlui thefts arc 
suitable far forming Ussetfeliazr? 
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Fig. i- Syuare packing of circles 




Fig. 6 — Triangle-based tessellation 




Fig * 4 — Triangular packing of circles 










/ * * A 

V f V ♦ 1 




A r> C 

Fig. Which qrndrilalval has itmiirtun area ' 





Before starting this let us review our 
progress so far. Having tidied up our 
problem we used our experience and intuition 
to express it in a diflt rent way* We knew that 
tJv* new form was better because of the 
thoughts and ideas it provoked. Now, apart 
from having found a number of ways of 
rtssellating the parchment. \vc have gamed 
experience with tessellations on which we 
will draw lata. 

But is this mathematics? Although it looks 
like geometry we have not invoked Euclid, 
and no standard techniques have been used — 
except in calculating the percentage waste. 
Does tltts type of work bench I a pupii in any 
wa> ? Or would he l>e betier off doing anolhei 
fifty examples on factorisation? 

I suggest that this kind of investigation 
helps to develop an attitude of n 'd which 
incorporates (a ] critical awareness of the 
problem: ,b^ a directed intuition, t c ) * 
flexibility of approach. What better prepara- 
tion can we give to pupils who will have to 
fa:e so many unforeseeable problems in the 
last quarter of dm century? litis attitude of 
mind is of far greater importance even than 
mathematical itself. 

Nor is it only the minority who requirr 
tlu? preparation No one can expect to be 
bypassed by the rapid advance of technology. 
TV centuries-old demand for unskilled 
labour is rapidly diminishing. Few of our 
pupils will find themselves in jobs where they 
are not expected to think* The vast majority 
will be involved in new techniques and 
modem developments whatever career they 
choose. And there will be a premium on 
clear thinking. 

TsiHlhdoas 

For convenience let us call any shape 
which can form a plane tessellation a test. 
Let u$ approach the problem of what shapes 
are i esses by considering how a tessellation 
is formed, i-ook at one of the quadrilaterals 
in Fig, 7* How is it related to in neighbours? 
Sooner or later we see that a rotation of 
180° is involved about the raid-point of a 
side. This explains how a tessellation is bum 
uo. 

The same is true of the iriangular tessella- 
tion. But here otu ex;jcit*:nce and reasoning 
help ns to see further. Vs> can think of a 
triangle as a quadrilateral with one side of 
negligible length* As a rotation of the quad- 

se 



rbateral about the mul-point of ih*> side is 
equivalent to the rotation of the triangle 
about a vertex, tve sec that tile rotation of 
any triangle in the tessellation thiough 180 
about the mid-point of any side or about any 
vrrfex gives the position of another triangle 
of the tessellation. Indeed the whole radia- 
tion is symmetrical about these points. 

Leisurely pondering these ideas* we 
sudden!) see an important advance we can 
make. The side* of the triangle or quadri- 
lateral do not have to be straight ti.r it to be 
a teas- so fort# os they are synirmhu ai nhunt their 
mid-potnls. 'Fig. 10# Let us rali these modified 
triangles and quadrj laterals trirddee and 
qa&djtijides. 





We can now give a sutfccicnt condition for 
a shape to be a tess, Jin figure wit? he a less if 
its perimeter eon be divided by three o* four 
c 'rer|if«’* iufci suits each of which <\ \\ miuetncal 
about its mid-point. This tmlbldx an enormous 
range of pmsibilirics. ‘In avoid the danger 
of bewilderment amongst >nch piolifr ration 
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let us take refuge in squared paper. Fig. 1 1 
shows some straightforward quadrisides. 




fig. n 




Fig , 13 — These pentomnoti ere all insides 



On trying to draw a triside in this way we 
make a most interesting discovery. The 
vertices of a tess need not lie on the edge of 
its area (Fig. 12)* This increases once more 
the range of shapes wc can show to be 
tesses. Fig. i 3 shows the twelve ways in which 
a shape can be made by simply joining five 
squares. S. W. Cokrnib calls them ‘'pentom- 
inoes’ > (“polyomino” being the complete 
generalisation of domino;.* All the pentom- 
inoes c&n be shown to be triaiics. And if you 
find that straightforward could you check 
that the same is true of the 35 hexominocs ? 





* tjardner: Mathematical Vuzzici and Divmions 
from Scientific American {BcU,. 



Where does ail this get as ? Let us go back 
to our quadrant problem and see how we 
can apply what we have found out -especially 
the idea of ‘‘virtual’ vertices. Thinking 
again of the pentagon, we soon iculise that 
we can state : any pentagon is a less if tuv of ik 
sides art parallel (Fig. 14;, This leads to a 
better solution. But once again how do we 
draw the pentagon round the quadrant? 
I am satisfied that the area will be a miouTi'un 



O) 

Fig . 14 




when the pentagon is a quarter of a regular 
decagon (Fig. I';. If you wish to prove it 
go ahead. For ine a forma) proof would be 
irrelevant as it would noi add to my con- 
viction. 

at 
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What about the percentage wastage.'' Fig. 
16 shows the seven solutions in the order in 
which we found them. Hie decrease in 
wastage between A and G is quite remarkable 
and could represent a big saving in cost of 
material in large scale production. The 
actual calculation of these wastages is of 
interest itself as it stresses the need for finding 
a rout** to the goal rather than the application 
cf a technique. 

Now we sit back and heave a sigh. We 
have reached what is surciy the best solution. 
We cannot imagine anyone improving on 
3*3%. What is more, we think smug'y, we 
know all about tessellations. At a time like 
this it fa fitting that one’s complacency should 
be shaken, Wc try putting two uf our final 



pentagons bark to bad; ;1*V l3i. Idly we 
draw in a diagonal— and fine that what we 
have h esuemiallv two quadrilaterals! If we 
had known whai co look foi we rould have, 
seen this solution right back at Mg. 7 ! 

Then we get another rude awakening 
when we realise, possibly on studying solution 
C, ?hat we can dislocate our b-isic quadri- 
lateral tessellation and get another type of 
tessellation (Fig. 17). 

Finally, ii was at about this stage that 1 
received Mathematics Teaching No. 21 con* 
taining «oxnc fascinating example* of the 
work of M. G. Escher, including the one 
below. Quite chatly u was about time I 
studied tessellations. 





fig. in 



Fig. 18 is reproduced Jrom the hook u The Graphic Work of AL C. Fischer* by permission of the 

publishers, Gldbourne Press. 
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THE AJRCmTECTUSE OF MATHEMATICS* 

KiraOLAS EOURBATHf 

1. Mathematic or xnathesnttice? To present a view of the entire field of 
mathematical science as it exists, — this is an enterprise which presents, at first 
sight, almost insurmountable difficulties, on account of the extent and the varied 
character of the subject As is the case in all other ccienccs, the number of 
mathematicians and the number of works devoted to mathematics have greatly 
increased since the end of the 19th century. The memoirs in pure mathematics 
published in the world during a normal year cover several thousands of pages. 
Of course, not all of this material is of equal value; but, after full allowance has 
been made for the unavoidable tares, it remains true nevertheless that mathe- 
matical science is enriched each year by a mass of new results, that it spreads 
and branches out steadily into theories, which are subjected to modifications 
based on new foundations, compared and combined with one another. No 
mathematician, even were he to devote all hit time to the task, would be able to 
follow all the details of this development. Many mathematicians take up 
quarters in a corner of the domain of mathematics, which they do not intend to 
leave; not only do they ignore almost completely what does not concern their 
special field, but they are unable to understand the language and the terminology 
used by colleagues who are working in a comer remote from t’ lir own. Even 
among those who have the widest training, there are none who do not feel lost 
in certain regions of the immense world of mathematics; those who, like Po in- 
cart or Hilbert, put the seal of their genius on almost every domain, constitute 
a very great exception even among the men of greatest accomplishment. 

It must therefore be out of the question to give to the uninitiated an exact 
picture of that which the mathematicians themselves can not conceive in its 
totality. Nevertheless it isffcgitimate to ask whether this exuberant prolifera- 
tion makes for the development of a strongly constructed orgaiwtm, acquiring 
evtr greater cohesion and unity with its nev growths, or whether it is the ex- 
ternal manifestation of a tendency towards a progressive splintering, inherent 
in the very nature of mathematics, whether the domain of mathematics is not 
becoming a tower of Babel, in r/hich autonomous disciplines are being more and 
more widely separated from one another, not only in their alms, but also in their 
methods and even in their language. In other words, do we have today a mathe- 
matic or do we have several mathematics? 

Although this question is perhaps of greater urgency now than ever before, 
it is by no means a new one; it has been asked almost from the very beginning of 
mathematical science. Indeed, quite apart from applied mathematics, there has 

* Aatfcorfaed tnaalatioo by Arnold Dresden ct • chapter in *Lm pud. eowaaCi da !* pawls 
natMmetique,* edited by F. U Lionnais (Cshfars du Sud, 1944). 

t *PrafsNcr N. Bourbald, formerly cl tbs Royal Psldtvlaa Academy, now residing la Naacy, 
France, is tbs anther of a co m pre h ensive traedae of modem mathematics, Is course cl pabBcatto 
radar tbs tide S H m n l t i* i faUKw a Uf » (Harmaaa ot Cla, Paria 1939- ), at which taa vetoes 
have appealed ao far.* 
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always existed n dualism between the origins of geometry and of arithmetic 
(certainly in their elementary aspects), since the latter was at the start a science 
of discrete magnitude, while the former has always been a science of continuous 
extent; these two aspects have brought about twO points of view which have 
been in opposition to each other since the discovery of irrationals. Indeed, it is 
exactly this discovery which defeated the first attempt to unify the science, ns., 
the arithmetizatibn of the Pythagoreans (“everything is number”). 

It would carry us too far if we were to attempt to follow the vicissitudes of 
the unitary conception of mathematics from the period of Pythagoras to the 
present time. Moreover this task would suit a philosopher better than a mathe- 
matician; for it is a common characteristic of the various attempts to integrate 
the whole cf mathematics into a coherent whole — whether wc think of Plato, 
of Descartes or of Leibnitz, of arithmetization, cr of the logistics of the 19th 
century— that they have ail been made in connection with a philosophical 
system, more or leas wide in scope; always starting (com a priori views Concern- 
ing the relations of mathematics with the twofold universe of the external 
world and the world of thought. We can do no better On this point than to refer 
the reader to the historical and critical study of L. Bnmschvicg [l ). Our task 
is a mote modest and k less extensive one; we shall not undertake to examine the 
relations of mathematics to reality or to the great categories of thought; we 
ihtend to remain within -die field of nathematicn and we shall look for an answer 
to the question which we nave raised, by analyzing the procedures of mathe- 
matics themselves. 

Logical formalism and axiomatic method. After the more or less evident 
bankruptcy of the different systems, to which we have referred above, it looked, 
at the beginning of the present century tx if the attempt had just about been 
abandoned to conceive of mathematics as a science characterized by a definitely 
specified purpose and method ; instead there was a tendency to look upon mathe- 
matics as *a collection of disciplines based on particular, exactly specified con- 
cepts,” interrelated by “a thousand roads of communication,” allowing the 
methods of any one of these disciplines to fertilize one or more of the others 
[l, page 44? j. Today, we believe however that the internal evolution of mathe- 
matical science has, in spite of appearance, brought about a closer unity among 
its different parts, so as to create something like a central nucleus that is more 
coherent than it has ever been. The essential aspect of this evolution has been 
the systematic study of the relations existing between different mathematical 
theories, and which has led to what is generally known as the “axiomatic 
method.” 

The words “formalism” and “formalistic method” are also often used; but it 
is important to be on one's guard from the start against the confusion which 
may be caused by the use of these ill-defined words, and which is but too fre- 
quently made' use of by the opponents of the axiomatic method. Everyone 
knows that superficially mathematics appears as this “long chain of reasons” of 
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which Descartes opoke; every mathematical thc^-y Id a concatenation of 
prepositions, each one derived from the preceding ones in conformity with the 
rules of a Icfical cystum, which 1? essentially tin one cGdified, since the time of 
Aristotle, under the tir.mc of “formal logic/ conveniently adapted to the par- 
ticular aims of the mathematician. It is therefor* a meaningless truism, to my 
that this "deductive reasoning" is a unifying principle for mathematics. So 
superficial a remark can certainly rot account for the evident complexity of 
different mathematical theories, not any more than one could, for example, 
unite physics and biology into a single science on the ground that both use te.e 
experimentAl method. The method of reasoning by means of chains of syllogisms 
is> nothin-; but a transforming mechanism, applicable just. ac well to one set c? 
premises as to another; it could not serve therefore to characterise these 
premises. In other v/ords, it is the external form which the mathematician give* 
to his thought, the vehicle which makes it accessible to others/ in short, the 
language suited to mathematics; this is all, no further rignificauce simuld be 
attached to it. To lay down the rules of this language, to set up its vooabubry 
and to clarify its syntax, all that is indeed extremely useful; indeed thb consti- 
tutes one aspect of the axiomatic method, the one ths.t can properly bo called 
logical formalism (or “logistics” as it b cometimeo called). But we emphasise 
that it is but one aspect of this method, indeed the least interesting one. 

What the axiomatic method sets as its essential nim, is exa .riy that which 
logical formalism by itself can not supply, namely the profound intelligibility of 
mathematics. Just as the experimental method starts from the a prior* belief 
in the permanence of natural laws, so the axiomatic method has its cornerstone 
in the con\iction that, not only is mathematics net a randomly developing con- 
catenation of cyllngisras, but neither is it a collection of mere tr less "astute” 
tricks, arrived at by iuclry combinations, in which purely technical cleverness 
wins tlic day. Where the superficial observer secs only two, ix* never?!, fyuie 
distinct theories, lending cac another "unexpected support” (1, page 44 j] 
through the intervention of a mathematician of genius, the axiomatic method 
teaches vs to look for the deep-lying reasons for such a discovery, to find the 
common ideas of these theories, buried under the accumulation of details prop- 
erly belonging to each of them, to bring these ideas forward and to put them in 
their proper light. 

3. The notion <& structure In what form can thk be done? It is here that 
the axiomatic method comes closest to the experimented method. Like the latter 
drawing ita strength from the source of Cartesbniem, it »v5II "divide the diffi- 
culties in order to overcome them better.” It will try, in the demonstrations oi a 
theory, to separate out the principal mainsprings of its argument?-; then, taking 
each of these separately and formulating it an abstract form, it will develop 

* Indeed every roathcratkiau knows t?aat a prod he* not really been "understood* if one has 
done tr.thhig mcne. thac verifying step by step the correctness of tfo dod;xtk>ns cf r/Wch it i? 
corapotad, and fca* nottriri to gain a dear insight into the ideas which have te<1 tr tfce construc- 
tion cf this particular c’vain o! deductions n preference to every other one. 




62 



224 



THE ARCHITECTURE OF MATHEMATICS 



(April, 



the consequences which follow from it alone Returning ufter that to the theory 
under consideration, it will recombine thccomponent elements, which had previ- 
ously been separated out, and it will inquire how these different components in- 
fluence one another. There is indeed nothing new in this classical going to-and* 
fro between analysis and synthesis; the originality of the method lies entirely in 
the way in which it is applied. 

In order to illustrate the procedure which we have just sketched, by an 
example, we shall take one of the oldest (and also one of the simplest) of axio- 
matic theories, viz. that of the "abstract groups.** Let ns consider for example, 
the three following operations; 1. the addition of real numbers, their sum (posi- 
tive negative or zero) being defined in the usual manner; 2. the multiplication of 
integers “modulo a prime number />,* (where the elements under consideration 
are the whole numbers 1.2, • , £—1) and the "product* of two of these 

numbers is, by agreement, defined as the remainder ot the division of their usual 
product by p\ 3 the "composition* of displacements in three-dimensional 
Euclidean space, the "resultant* (or "product*) of »wo displacements S, T 
(taken in this order) being defined as the displacement obtained by carrying 
out first the displacement T and then the displacement S. In each of these three 
theories, one nr nukes correspond, by means of a procedure defined for each theory, 
to two elements x, y (taken in that order) of the set under consideration (in the 
first case the set of real numbers, in rhe second the set. of numbers 1, 2, • • * 

1, in the third the set of all displacements) a well-determined third element; 
we shall agree to designate this third element in all thn*e cases by xry (this will 
be the sum of x and y if x and y are real numbers, their product "modulo P n if 
they are integers Sp—t, their resultant if they are displacements), If we now 
examine the various properties of this “operation" in each of the three theories, 
we discover a remarkable parallelism; but, in each of the separate theories, the 
properties are interconnected, and an analysis of their logical connections leads 
us to select a small number of them which are independent (f\c., none of them *« a 
logical consequence of al! the others). For example." one can take the three 
following, which we shall express by means of our symbolic notation, common 
to the three theories, but which it would be very easy to translate into the par- 
ticular language of each of them ! 

(a) For all elements x, y , s, one has xr{j7%) ~ (xry)r* (“associativity" of the 
operation xry); 

(b) There exists in element *, such that for every element x, one has trx 
mxre**x (tor the addition of real numbers, it is the number 0; for multiplica* 
tion "modulo p,* it is the number 1; for the composition of displacements, it is 
the "identical* displacement, which leaves every point of space fixed); 

(c) Corresponding to every* element x, there exists an element x' such that 
xrx'~x'rx—e (for the addition of real numbers x* is the number — x; for the 



* There to nothing atwolute in thli choice; several systems of Axioms are known which are 

- tqtrtv*leot" to the ooe which we are stating explicitly, the axiom* of each of these systems being 
logics! consequences of the axioms of any other one. 
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composition of displacements* *' ie the u in v 4 ?r5c ,: displace jncnt of x : Le. thefdi's- 
placement which replaces each point that had been cUspfeced by * to its original 
position; for multiplication p * the existence or x* foltowa from a veiy 

simple arithmetic argument * 

It follows then that the properties which ran bp expressed :r. the same way in 
the three theories, by means of the common notation, are consequences of the 
three preceding- ones. Let us try to show, for example that from iwy*jcr2 fol- 
lows one could do this in each o i the theories by a reasoning peculiar frr it. 
But, we can proceed as follows ?>y a method that is applicable in all eases* 
from the relation try^xrz we deriv. having the meaning which was defined 
above) x'r(xry) **%'t{xtz)\ thence by . applying (a). {x'rx)ry~ (x'rx)rs; by means 
of (c), this relation takes the form ery^crz, and Snail y, by applying (b), 
which was to be proved In this reasoning the nature of the dements x, y % z under 
consideration has been left completely out of account; we have not been con* 
cemed to know whether they are real numbers, or integers ££*-1, or displace- 
ments; the only premise thar was of importance was that th* operation *ry on 
these dements has tjf» propetti e& (a), (b). and (c). Even if it were only to avoid 
irkec && rzptm ioijs, it h readily seep that it woidd.be corvenieht to develop 
once -and for .?!J the logical consequences of the three properties (a), (b), (c) 
only, ror liriguistic convenience, it is of course desirable to Adopt a common 
terminology forthetbteo sets. One says that a set in Which an operation rry has 
been deC/jed which has the three properties (a), (b), (c) is provide*. 1 with a group 
structure (ot/ briefly, that it' is a group) r the properties U«;, (b)’ { (c) are- called 
the souoma of** the group atriVctures, end the development of their consequences 
conatittitcs settins up the axicmaric theory of group*,. 

It cap how he made clear what fa %<> be understood, iiv general, by ‘a mathe- 
matical structure. The common character of the different concepts designated 
by this generic name, is, that they can be applied to s$ts of dements' whose 
rtfttuijet fee not been specified; to define a structure, vne takes given one or 

* We ©bstsyr dns the. remainder* i«fvt»*ten the number r, are puked 

by p, can not ali.be dfcdoct • by exprexsit ,7 the fact that two <£ remainders are equal, cue 
shows easily that a power ** of x exists which has a remainder equal, to 1 ; if oow x f ;* the remainder 
of the dlvfrutf of**-* by £,'wec©ftcluiie that the product "modulo p* o( * and a' hi equal to 1. 

wytiiK Hmt there ie uo longer p.ny tonneatiw between' tfcra interpretatior; 
of the word "axiom* aud its traditional mtaelng c& "evident iruth.* 

f W> take here a naive point at view- and 'do 4 not! d&t with the »fiorny questions, ha If philo- 
sophical. half rttoed of . throw tfcematkil *briuga n 

or “object*." 1 Suffice it ta&V that . the axiomatic *tudij*of the mn*iehntH and twentieth centork* 
have* cnduil^ replaced the initial plura;l:«u vf; lb* ^c%ta! ;^r«^ifltion of these *befogn*~ 
thought Of at first as ideal *abi*trti<tioes*oJ .aeijtae exp^khce* and reuiidng all tbiur Vtenv 
genrity--by an^mitary ttmeept. gradually, redjjcmg all ihe mithtoiatfcitf bottom first to the 
concept of amber ami $hten, iq ©second stage, to the notion of set This totter concept, 

, c^side^ fora !hog;t;hieis "brlnibvttyn^ bus bfetn the object of endless pofemfca, 

of l^ extiemdy gwwat char^c^r the very'vagtw type of menra! 

represwi utfenWhkh it^alt? ferth; cHe difhculUe# Rot diappear unftl the notion of set itself 
tfisappedied (and With *t all the meaphyiical pvtudo-jjrob^liiii concerning maYhema ticaJ “beings* 
in ihe light of the recent wort on logical formalism. From rtrt iMfw pwdt of view; ^nattobnatkal 
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several relations, into which these elements enter* * (in the case of group?, this 
was the relation z=*xry between three arbitrary dements) ; then one postulates 
that the given relation, or relations, satisfy certain conditions (which are ex- 
plicitly stated and which arc the axioms of the structure under consideration.)! 
To set up the axiomatic theory of a given structure, amounts to the deduction 
of the logical consequences of the axioms of the structure, excluding every other 
hypothesis on the elements under consideration (in particular, every' hypotheses 
as to their own nature) 

4. The groat types of structures. The relations which form the starting 
point for the definition of a structure can be of very different characters. The 
one which occurs in the group structure is what one calis a "law of composi- 
tion,* 5 i.e. t a relation between three elements which determines the third uniquely 
as a function of the first two. When the relations which enter the definition of a 
structure are "laws of composition , * the corresponding structure is called an 
algebraic structure (lor example, a field structure is defined by t\Vo laws of com- 
position, with suitable axioms: the addition and multiplication of real numbers 
define a field structure on the set of these number*). 

Another important type is furnished by. the structures defined by an order 
relation; this is a relation between two elements x. y which is expressed most 
frequently in the form "x is at most equal to y» and which we shall represent in 
general by xliy. It is not at all supposed here* that :t detern ines one of the two 
elements x, y uniquely as a function of the bthef; the axioms to which it is sub- 
jected are the following, (a) for every x we havexRx; (b) from the relationsxRy 
and yRx folloWs x ; (c) the relations xR y ar;d yRz have as a consequence xRs. 
An obvious example of a set with a structure of this kind is the set of integers 
(Or that of real numbers), when the symbol R is replaced by the symbol 5£. But 
it must be observed that we have not included among the axioms the following 
property, which seems to be inseparable from the popular notion of “order.” 
"for every pair of elements r and y, either xKy or yRx holds.” In other .words, 
the case in which x and y are incomparable is not excluded. This may seem 
paradoxical at first sight, but it is easy to give examples of very important order 
structures, in which such a phenomenon appears. This is what happens when X 
and Y denote parts of the same set and the relation XRY is interpreted to mean 
U X is contained in Y n ; again when x and y are iKisitive integer* and xRy means 

structures become, properly speaking, the only “objects* of mathematics. The reader will find fuller 
developments of this point In articles by/. DieudonnS (2j end H Carton [3j. 

• In effect, this definition of structures is not sufficiently general for ih£ needs of .mathe- 
matics; it is also necessary to consider the case in which the relations which define a structure hold 
not between elements of the set under consideration, but also between parts of this art and even, 
more generally, between elements of sets of still higher “degree* in the terminology of the “hier- 
arch^ of 'types-* For further details on this point, see .(4). 

f Strictly speaking, one should, in the case of groups, count among the axioms, betides proper- 
ties (a), (b), (c) stated above, the fact that the relation *»xry determines one and only one * when 
* * ard y are given; one usually considers this property as tacitly implied by the form in which the 
relation is written. 
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u x divides y\ also if f(x) and £{::) are roc* valued functions defined oa an in- 
terval agx&o, while /(x)Rg(#) ic iotdTf/rctefl to “for every x.f{x) 

These examples also give an/indwation of Lhe great variety of domains in which 
order structures appear and thus point to the interest attached to their 3tudy. 

We want to say- a* few words about a third iarf;e type of structures, ms. topo- 
logical struck ires (or topologies)* they furnish an abstract mathematical tennu- 
Jation of the intuitive concepts of neighborhood, li*nit and continuity, to which 
we are led by pur.idea of /.5pac?, Th«. degree *of abstraction, required'for the 
formulation oftheaxroms of such H'tftructure is decidedly greater than it was in 
the preceding examples; the character of the present artude makes it necessary 
to refer interested readers to special treatises. 6ecv for example. [s]. 

S. The standardization of mathematical tcefeol iuo. We* have probably said 
enough to ennbift the reader to form; a fairly accurate idea of the axiomatic 
method. It should be clear from what precedes that its most striking feature is 
r-o effect a considerable economy of, thought. The “structures" are tools for the 
mathematician; a* soon as he has recognized amoijg the elements, which he is 
studying, relations which satisfy the axioms of a known type, he has at his 
disposal imanediatelylheentirc tusehai of general theorems which belong to the 
structures of that type. Previously, on the other hand, he was obliged to forge 
for himself the means of attack on his problems;. their power depended on his 
personal talents and they were often k>aded down with rectrit t. /e hypotheses/ 
resulting from the peculiarities of the problem that was being studied. One could 
say that the axiomaric: method is nothing but the “Tayior system’* for mathe- 
matjen - . * ■ • •; * v - r v. * 

This is however, a \*;ry poor analogy ; the mathematreian does not work like 
a machine, nor as the workingman on a moving bell ; we can hot over-emphasise 
the fundamental role played in his research bv a special in tuition * which is not 
the popular sense-intuition, but rather a kind of direct divina^on (ahead of 
all reasoning) of the normal behavior, which he Seems to have the nght to expect 
of mathematical beings, with whom a long acquaintance has made him os 
familiar as with the befngsof the real world. Now. each structure carries w ith it 
its own language, freighted with special intuitive references derived from the 
theories from which the axiomatic analysis described above has*- derived the 
structure. And, for the research worker who suddenly discovers this structure in 
the phenomena which he is studying, it is like a sudden modulation which 
orients at one stroke in an unexpected direction the. intuitive course of his 
thought and which illumines with a new light the mathematical landscape in 
vhi’ch he is moving about. Lev ’us* think-^-to take an old example^of the 
progress made at the beginning ot the nineteenth century by the geometric 
representation of imaginaries. From our point of view, this amounted to dis- 
covering^ the set of convex numbers a well-known topological structure, that 
of the Euclidean planer with all the possibilities for applications which this in- 

* Like *11 intuitions, one also ia frequently wrong. 
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volved; in the hands of Gat'Tz, Abel, Cauchy and R*enrinn, it gave new life to 
analysis in less than a century. Such examples have occurred repeatedly during 
the last fifty years; Hilbert space, and more generally, functional spaces, estab* 
fishing topological structures in sets whose elements are no longer points, but 
functions; the theory of the Hensel p-adic numbers, where, in a still more 
astounding way, topology invades a region which had been until then the 
domain per excellence oi the discrete, of the discontinuous, v*s. the set of whole 
numbers; Haar measure, which enlarged enormously the field of application of 
the concept of integral, and made possible a very profound analysis of the 
properties of continuous groups all of these are decisive instances of mathe- 
matical progress, of turning points at which a stroke of genius brought about a 
new orientation of a theory, by revealing the existence in it of a structure which 
did not a prion seem to play a part in it 

What all this amounts to is that mathematics has less than ever been re- 
duced to a purely mechanical game of isolated formulas; more than ever does 
intuition dominate in the genesis of discoveries. But henceforth, it possesses the 
powerful tools lurnished by the theory of the great types of structures; in a single 
view, it sweeps over immense domains, now unified by the axiotnatid method, 
but which were formerly in a completely chaotic state. 

0. A general surrey. Let us now try, guided by the axiomatic concept, to 
look over the whole of the mathematical unnerse. ft is rlei.r that we shall no 
longer recognize the traditional order of things, which, just like the first nomen- 
clatures of animal e pedes, restricted itself to placing ride by side the theories 
which showed greatest external similarity. In place of the sharply bounded com- 
partments of algebra, of analysis, cf the theory of numbers, and of geometry, we 
shall sec, for example, that the theory of prime numbers is a close neighbor cf the 
theory of algebraic curves, or, that Euclidean geometry borders on the theory 
of integral equations. The organizing principle will be the concept of a hier- 
archy cf structures, going from the simple to the complex, frem the genera! to 
the particular. 

At the center of our universe are found the great types of structures, of 
which the principal ones were mentioned above; they might be called the 
mother-structures. A considerable diversity exists in each of these types; one 
has to distinguish between the mest general structure of the ty pe under con- 
sideration, with the smallest number of axioms, anrl tho^e which are obtained by 
enriching the type with supplementary axioms, from each of which comes a 
harvest of new consequences. Thus, the theory of groups contains, beyond the 
general conclusions valid for alt groups and depending only on the axioms 
enunciated above, a particular theory of finite groups (obtained by adding the 
axiom that the number of elements of the group ia finite), a particular theory of 
abelian groups (in which xry^yrx for every x and y), as well as a theory of 
finite abelian groups (where these two axioms are supposed to hold simultane- 
ously). Similarly, in the theory of ordered seta, one notices in particular those sets 
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(as for example, the set of integers, or of real numbers) in which any two ele- 
ments are comparable, and which are called totally ordered. Among the latter, 
further attention is given to the sets which are called well-ordered. (in.which, as 
in the set of integers greater than 0, every subset has a “least element"). There 
is an analogous grada 'on among topological structures. 

Beyond this first nucleus, appear the structures which might be called multi- 
ple structures. They involve two cr more of the great mother-structures simul- 
taneously not in simple juxtaposition (which would not produce anything new), 
but combined organically by one or more axioms which set up a connection 
between them. Thus, one has topological algebra. This is a study of structures 
in which occur at the same time, one or morn laws of composition and a topology, 
connected by the condition that the algebraic operations be (for the topology 
under consideration) continuous functiors of the elements on which they 
operate. Not less important is algebraic topology, in which certain sets of points 
in space, defined by topological properties (simplex es, cycles, etc.) arc them- 
selves taken as elements on which laws of composition operate. The combination 
of order structures and algebraic structures is also fertile in results, lecding, in 
one direction to the theory of divisibility and of ideals, ai d in another to integra- 
tion and to the “spectral theory* or operators, in which topology also joins in. 

Farther along we come finally to the theories properly called particular. In 
these the elements of the sets under consideration, which, iu the general struc- 
tures have remained entirely indeterminate, obtain a more definitely character- 
ized individuality. At this point we merge with the theories of Classical mathe- 
matics, the analysis of functions of a real or complex variable, differential geom- 
etry, algebraic geometry, theory of numbers. But they have no longer their 
former autonomy; they have become crossroads, where several more general 
mathematical structures meet and react upon one another. 

To maintain a correct perspective, we must at once add to this rapid sketch, 
the remark that it has to be looked upon as only a very rough approximation of 
the actual state of mathematics, as it exists; the sketch is schematic, and ideal- 
ised as well as frozen. 

Schematic — because in the actual procedures, things do, not. happen in as 
simple and as systematic a manner as has been described above. There occur, 
among other things, unexpected reverse movements, in which a specialized 
theory, such as the theory of real numbers, lends indispensable aid in the con- 
struction of a general theory like topology or integration. 

/dso/ised— because it is far from true that in all fields of mathematics, the 
role of each of the great structures is dearly recognized and marked off; in 
certain theories (for example in the theory of numbers), there remain numerous 
isolated results, which it bas'thus far not been possible to classify, nor to connect 
in a satisfactory way with known structures. 

Finally /resen,— for nothing is farther from the axiomatic method than a 
static conception of the science. We do not want to lead the reader to think 
that we daim to have traced out a definitive state of the science. The structures 
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are not immutable, neither in number nor in their essential contents. It is quite 
possible that the future development of mathematics may increase th^ number 
of fundamental structures, revealing the fruitfulness of new axioms, or of new 
combinations of axioms. We can look forward to important progress from the 
invention of structures, by considering the progress which ha 9 resulted from 
actually known structures. On the other hand, these are by no means finished 
edifices; it would indeed be very surprising if ail the essence had already been 
extracted from their principles. Thus, with these indispensable qualifications, we 
can become better av/are of the internal life of mathematics, of its unity as well 
as of its diversity. It is like a big city, whose outlying districts and suburbs en- 
croach incessantly, and ia a somewhat chaotic manner, on the surrounding 
country, while the center is rebuilt from time to time, each time in accordance 
with a more clearly conceived plan and a more majestic order, tearing down the 
old sections with their labyrinths of alleys, and projecting towards the periphery 
new avenues, more direct, broader and more commodious. 

7* Return to the past and conclusion. The concept which we have tried to 
present in the above paragraphs, was not formed all at once; rather is it a stage 
in an evolution, which has been in progress for more than a half-century, and 
which ha3 not escaped serious opposition, among philosophers as well as among 
mathematicians themselves. Many of the latter have been unwilling for a long 
time to see in axiomatics anything else than futile legit il hairsplitting not 
capable of fructifying any theory whatever. This critical attitude can probably 
be accounted for by a purely historical accident. The first axiomatic treatments 
and those which caused the greatest stir (those of arithmetic by Dedekind and 
Peano, those of Euclidean geometry by Hilbert) dealt with univalent theories, 
i.e. t theories which are entirely determined by their complete system of axioms; 
for this reason they could not be applied to any theory except the one from which 
they had been extracted (quite contrary to what we have sc^n, for instance, for 
the theory of groups). If the same had been true for all other structures, the 
reproach of sterility brought against the axiomatic method, would have been 
fully justified.* But the further development of the method has revealed its 
power; and the repugnance which it still meets here and there, can only be ex- 
plained by the natural difficulty of the mind to admit, in dealing with a con- 
crete problem, that a form of intuition, which is not suggested directly by the 
given elements (and which often can be arrived at only by a higher and fre- 
quently difficult stage of abstraction), can turn out to be equally fruitful. 

As concerns the objections of the philosophers, they are related to a domain, 
on which for reasons of inadequate competence we must guard ourselves from 

• There also occurred, especially at the beginning of axion^iics, a whole crop of motxtev- 
structures, entirely without applications; their sole merit was that of showing the exact bearing 
of each axiom, by observing tvhat happened if one emitted or charged it. There was of course a 
temptation to conclude that these were the only results t!»at could be expected from tho axiomatic 
method. 
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entering; the great problem of the relations between the empirical world and 
the mathematical world.* That there is an intimate connection between experi- 
mental phenomena and mathematical structures, seems to be fully confirmed 
is the most unexpected manner by the recent discoveries of contemporary 
physics. But we are completely ignorant as to the underlying reasons for this 
fact (supposing that one could indeed attribute a meaning to these words) and 
we{ shall perhaps always remain ignorant of them. There certainly is one 
observation which might lead the philosophers to greater circumspection on this 
point in the future: before the revolutionary developments of modern physics, a 
great deal of effort was spent on trying to derive mathematics from experi* 
mental truths, especially from immediate space intuitions. But, on the one hand, 
quantum physics has shown that this macroscopic intuition of reality covered 
microscopic phenomena of a totally different nature, connected with fields of 
mathematics which had certainly not been thought of for the purpose of appli- 
cations to experimental science. And, on the other hand, the axiomatic method 
has shown that the "truths” from which it was hoped to develop mathematics, 
were but special aspects of general concepts, whose significance was not limited 
to these domains. Hence it turned out, after ail was said and done, that this 
intimate connection, of which we were asked to admire the harmonious inner 
necessity, was nothing more than a fortuitous contact of two disciplines whose 
real connections are much more deeply hidden than could have been supposed 
a priori. 

From the axiomatic point of view, mathematics appears thus as a storehouse 
of abstract forms*— the mathematical structures; and it so happens — without 
our knowing why— that certain aspects of empirical reality fit themselves into 
these forms, as if through a kind of preadaptation. Of course, it can not be de- 
nied that most of these forms bad originally a very definite intuitive content; 
but, it is exactly by deliberately throwing out this content, that it has been 
possible to give these forms all the power which they were capable of displaying 
and to prepare them for new interpretations and for the development of their 
full power. 

It is only in this sense of the word "form” that one can call the axiomatic 
method a "formalism.” The unity which it gives to mathematics is not the armor 
of formal logic, the unity of a lifeless skeleton; it is the nutritive fluid of an 
organism at the height of its development, the supple and fertile research instru- 
ment to which all the great mathematical thinkers since Gauss have contributed, 
all those who, in the words of Lejeune-Diricblet, have always labored to "sub- 
stitute ideas for calculations.” 



* We do not consider here the objection* which have arisen from the application of the rule* 
ot feme) logic to the reasoning in axiomatic theories; these are connected with logical difficulties 
encountered in the theory of seta. Suffice it to point out that these difficulties can be overcome in a 
way which leaves neither the slightest qualms nor any doubt as to the correctness of the reasoning; 
D] and [3] ere valuable references far this point. 



